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Abstract: A Smarandache- Fibonacci triple is a sequence S(n), n > 0 such that 

5(n) = 5(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers 
n > 0. Clearly, it is a generalization of Fibonacci sequence and Lucas sequence. Let 
G be a (p, (jr)-graph and {5(n)|n > 0} a Smarandache-Fibonacci triple. An bijection 
f: V(G) — > (5(0), 5(1), S(2 ), . . . , S(q)} is said to be a super Smarandache-Fibonacci grace- 
ful graph if the induced edge labeling f*(uv) = |/(u) — f(v)\ is a bijection onto the set 
(5(1), 5(2), . . . , S(q)}. Particularly, if 5(n), n > 0 is just the Lucas sequence, such a label- 
ing / : V (G) — > {lo,li,h, • • • , la} (a e N) is said to be Lucas graceful labeling if the induced 
edge labeling fi{uv) = \ f(u) — f(v)\ is a bijection on to the set {Zi , Z 2 , • • • , l q }. Then G is 
called Lucas graceful graph if it admits Lucas graceful labeling. Also an injective function 
/ : V (G) — > {Zo , Zi, Z 2 , • • • , lq} is said to be strong Lucas graceful labeling if the induced edge 
labeling fi{uv) = |/(m) — f{v) \ is a bijection onto the set {Zi, I 2 , ..., l q }. G is called strong 
Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, we show 
that some graphs namely P„, P+ — e, 5 m ,„, F m @P„, Cm@Pn, AT,n © 2P m , C3@2P n and 
C„@K 1,2 admit Lucas graceful labeling and some graphs namely A'i,n and F n admit strong 
Lucas graceful labeling. 

Key Words: Smarandache-Fibonacci triple, super Smarandache-Fibonacci graceful graph, 
Lucas graceful labeling, strong Lucas graceful labeling. 

AMS(2010): 05C78 



§1. Introduction 

By a graph, we mean a finite undirected graph without loops or multiple edges. A path of 
length n is denoted by P n . A cycle of length n is denoted by C n .G + is a graph obtained from 
the graph G by attaching a pendant vertex to each vertex of G. The concept of graceful labeling 
was introduced by Rosa [3] in 1967. 

A function / is a graceful labeling of a graph G with q edges if / is an injection from 
1 Received November 11, 2010. Accepted February 10, 2011. 
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the vertices of G to the set {1,2,3, • •• , q} such that when each edge uv is assigned the la- 
bel \f(u) — f(v)\, the resulting edge labels are distinct. The notion of Fibonacci graceful 
labeling was introduced by K.M.Kathiresan and S.Anrutha [4]. We call a function, a Fi- 
bonacci graceful labeling of a graph G with q edges if / is an injection from the vertices of 
G to the set {0, 1, 2, ..., P g }, where F q is the q th Fibonacci number of the Fibonacci series 
Fi = l. F ‘2 = 2, F 3 = 3, F 4 = 5, ..., and each edge uv is assigned the label | f(u) — f(v ) |. Based 
on the above concepts we define the following. 

Let G be a (p,q) -graph. An injective function / : V(G) —> {Zo, h, Z 2 , ■ ■ ■ , Z a }, (a e N), 
is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = \f(u) — f(v) | is a 
bijection onto the set {Z 1 , Z 2 , ■ ■ ■ , l q } with the assumption of Zo = 0, l\ = 1, Z 2 = 3, Z 3 = 4 , 14 = 
7, Z 5 = 11, • • • ,. Then G is called Lucas graceful graph if it admits Lucas graceful labeling. Also 
an injective function / : V (G) — ► {Zo, Zi, Z 2 , • • • , l q } is said to be strong Lucas graceful labeling if 
the induced edge labeling fi(uv) = \f(u) — f(v ) | is a bijection onto the set {Zi, Z 2 , • • ■ , l q }. Then 
G is called strong Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, 
we show that some graphs namely P n , P+-e, 5 m> „, F m @P n , C m @P n , K 1 . n Q2P m , G 3 @2P„ 
and G„@A'i ,2 admit Lucas graceful labeling and some graphs namely K\^ n and F n admit strong 
Lucas graceful labeling. Generally, let S(n), n > 0 with S(n) = S(n — 1) + S(n — 2 ) be a 
Smarandache- Fibonacci triple , where S(n) is the Smarandache function for integers n > 0. An 
bijection /: T^(G) — > {5(0), 5(1), 5(2), . . . , S(q)} is said to be a super Smarandache- Fibonacci 
graceful graph if the induced edge labeling f*{uv) = \ f(u) — f(v) \ is a bijection onto the set 
{5(1), 5(2),.-. , S{q)}. 



§2. Lucas graceful graphs 

In this section, we show that some well known graphs are Lucas graceful graphs. 

Definition 2.1 Let G be a (p, q) -graph. An injective function f : V (G) — > {Zo, Zi, I2, ■ ■ • , Z a , }, 
(a e N) is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = \ f(u) — f(v)\ is 
a bijection onto the set {l 1, 12, ■ • • , l q } with the assumption of Iq = 0, Zi = 1 , 12 = 3, Z3 = 4, Z4 = 
7, Z5 = 11, • • • ,. Then G is called Lucas graceful graph if it admits Lucas gracefid labeling. 

Theorem 2.2 The path P n is a Lucas graceful graph. 

Proof Let P n be a path of length n having (n + 1) vertices namely v±, V 2 , V 3 , ■ ■ ■ ,v n , v n +i. 
Now, \V{P n )\ = n + 1 and |P(P„)| = n. Define / : V(P n ) {Z 0 , Zi, Z 2 , ■ ■ ■ ,Z Q ,},a e N by 
f(ui) = Zj+i, 1 < i < n. Next, we claim that the edge labels are distinct. Let 

E = {fi(viV i+1 ) : 1 <i <n} = {\f(vi) - f(v i+1 )\ : 1 <i <n} 

= UfM ~ f(v 2 ) | , | f(v 2 ) - f(v 3 )| , • - - , I f(v n ) - f(v n+ 1 )| ,} 

= { | Z2 — Z3I , | Z3 — Z4 | • , |Z„+l — l n + 2 | } = {Zl, Z 2 , • • • , l n }- 



So, the edges of P n receive the distinct labels. Therefore, / is a Lucas graceful labeling. 
Hence, the path P n is a Lucas graceful graph. 



□ 
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Example 2.3 The graph Pq admits Lucas graceful Labeling, such as those shown in Fig. 1 
following. 



h 



U 



Fig.l 

Theorem 2.4 P+ — e, (n > 3) is a Lucas graceful graph. 

Proof Let G = Pff — e with V (G) = {«i, U2, ■ ■ ■ , u ra +i} U{ w 2) v 3 , ■ ■ ■ , v n +i\ be the vertex 
set of G. So, |H(G)| = 2n + 1 and \E{G)\ = 2 n. Define / : V(G) — > {lo,h, h, ■ ■ • , l a , }, a e N, 
by 

f{ui) = hi- i,l < i < n + 1 and f(vj) = h(j-i), 2 < j < n + 1. 

We claim that the edge labels are distinct. Let 

Ei = {fi(uiU i+ i) : 1 <i < n} = {\f(ui) - f(u i+ i)\ : 1 <i <n} 

= { l/(^l) - I, |/(U2) - f{u 3 )\, , \f(u n ) - f(u n + 1)|} 

= {|^1 — ^3 1 1 1^3 — h | i ’ ’ ‘ j |^2n-l — ^2ra+l|} = {^2, ^4j ‘ ‘ ‘ , hn} , 

E 2 = {fi{uiVj) :2<i, j <n} 

= { 1 /(^ 2 ) - f(v 2 ) I, |/(u 3 ) - /(v 3 )|,- • • , |/(«n+l) - f(v n + 1 )|} 

= { | ^3 — ^2 1 ; |^5 — U\i • • • J |^2n+l — hn | } = {^1, hi ' ' ' 1 hn-l} ■ 

Now, E = Ei U E 2 = {h,hi • ■ ■ , hn-h hn}- So, the edges of G receive the distinct labels. 
Therefore, / is a Lucas graceful labeling. Hence, P+ — e,{n> 3) is a Lucas graceful graph. □ 

Example 2.5 The graph P% — e admits Lucas graceful labeling, such as thsoe shown in Fig. 2. 



h h h h h hi h 3 l is In 



h 


u 




00 


ho 


ll2 


hi 


1 16 


h 


h 


h 


h 


l 9 


hi 


hs 


^15 



h h h h ho 1 12 ^14 1 16 



Fig. 2 

Definition 2.6([2]) Denote by S mtn such a star with n spokes in which each spoke is a path of 
length m. 



Theorem 2.7 The graph S m , n is a Lucas graceful graph when m is odd and n = 1, 2 (mod 3). 
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Proof Let G = S m . n and let V(G ) = {vf : 1 < i < m and 1 < j < n} be the vertex set of 

Then | V(G)| = mn + 1 and \E(G)\ = mn. Define / : V ( G ) — > {Zo, h, h, ■ ■ ■ , l a , }, a e N 

by 

f(uo) = lo for i = 1, 2, • • • , m — 2 and i = l(rnod 2); 

f (it*) = 1 < j < n for i = 1, 2, • • • , m — 1 and * = 0 (too(Z 2); 

/ («*•) = l n i+ 2 - 2 j, 1 <j<n and for s = 1, 2, • • • , 

/ ( a,j ) ^n(m— l)+2( i 7-f-l) — 3s ? ^ — j — 3^- 

We claim that the edge labels are distinct. Let 

m m 

El = (J {/i («o «!)} = [J (|/(mo) -/(«!)!} 

i= 1 i=l 

i=l(mod 2) i=l(mod 2) 

m m 

= U { — ^n(i— 1) + 1 1 } = U \}n{i— l) + l} 

i—1 i = 1 

z=l (mod 2) 2 =l(mod 2) 

= { Zl , /2n+l) hn+l, ‘ ‘ ‘ ) In (m— i)+i} > 



e 2 



(J {/i(« 0 wi)}= [J {|/(«o)-/(«i)|} 



2=1 (mod 2) 
m— 1 



2=1 (mod 2) 
m— 1 



{|I0 ^ni|} — (^_J {Ini} { ^2n? ^4n? * * * 5 ^n(m— 1) } 



(mod 2) 



2=1 (mod 2) 



e$ 



m — 2 

U {/1 («M+i) : 1 < J < ^- 1} 

i= 1 

2=1 (mod 2) 
m— 2 

U (1/ (“jO — / ("j-+i) I : 1 < J < » — !} 

i= 1 

2=1 (mod 2) 
m— 2 

(J { |^n(t-l)+2j-l — ^n(*-l)+2j+l| : 1<J l} 

i= 1 

2=1 (mod 2) 
m— 2 

(J {Z n (i_i) +2 j :l<j<n-l} 

i=l 

2=1 (mod 2) 



|^_J {^n(i— 1)+2? ^n(i— 1)+4? * 5 • ^n(i— l)+2(n— 1) } 

i— 1 

2=1 (mod 2) 

{^2? ^2n+2? •••7 ^n(m— 3)+2} U {^4? ^2n+47 5 ^n(m— 3)+4 } U 

U {^2n— 2? ^4n— 2? “d ^n(m— 3)+2n— 2 } 7 
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E a 



U {h u) +1 ) : 1 < j < n - l} 



i—l(mod 2) 
m — 2 



U {\f{u))-f{u) +1 )\ : l<j<n-l} 



i—l(mod 2) 
m — 2 



{ |^m— 2j-\-2 lni—2j\ • 1 < j < W 1} 



2=1 (mod 2) 
m—2 



(J {/m- 2 j+i : 1 < j < n - 1} 



2=1 (mod 2) 
m—2 



{ini— 1 ? Ini— 3? ’ ’ ’ ?^m— (2n— 3)} 

i= 1 

2 =l(mod 2) 

{^2n— 15 fan— 3-> i fai fan— 1? fan—3) ? ^2n+3? ^n(m— 1) — 15 



? fa(m— 1) — (2n— 3) } 



For n = l(raod 3), let 



£5 



U {a w »”+i) : 3s — 2 < j < 3s — 1 } 

S— 1 
n — 1 

U {| / ( U T ) ~ f ( u J+i) I : 3s — 2 < j < 3s — l} 



LIU* 



n(m— l)+2j— 3s+2 ^n(m— l)+2j— 3s+4 



: 3s — 2 < j < 3s — 1 } 



(JO n{m—l)+2j—3s+2 • 2 < j < 3s lj- — {/n(m— l)+3s— 1 5 ^n(m_l)+3s+l } 

s=l s = 1 

{^n(m— 1)+2? ^n(m— 1)+4 5 fa(jn— 1)+5? fa(m— 1)+7j * 5 fa m—2 5 Imn } • 



We find the edge labeling between the end vertex of s th loop and the starting vertex of 

Tl — 1 

(s + l) th loop and s = 1, 2, • • • , — - — . Let 



Ee = (J {|/iK«S+i)|}= U /K+i)|} 

5=1 5=1 

= (1/ «) - / «)l , 1/ «) - / «)l , 1/ «) - / «o)l , ■ ■ ■ , «_i) - / «)| } 

{ |^n(m— 1)+5 ^n(m— 1)+4 | 5 | ^n(m— 1)+8 fa(m— l)H-7 1 5***5 |^n(m— l)+n+l ^n(m— l)+n| } 

\jn(m— 1)+35 fa(m— 1)+65 * 5 fa{m— l)+n— 1 } {^n(m— 1)+35 ^n(m— 1)+65 * * * )^nm-l} • 
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For n = 2{mod 3), let 

re — 1 

= U {/!(«”»”+.) : 3s — 2 < j < 3s — 1 } 

8 = l 

re -1 

= U {!/«)-/«+, )|:3»-2<j<3»-l} 



S= 1 

re -1 

3 



|^_J { | ln(m— l)+2j— 3s+2 ^n{m— l)+2j— 3s+4 | ’ 3s 2 < j < 3s lj - 

5=1 



|^_J {^n(m— l)+2 t 7'— 3s+3 ’ 2 j 3s lj- |^J {^n(ra— l)+3s— 1 5 ^n(ra— l)+3s+l } 

}• 



5=1 



S= 1 



{^n(m— 1)+2? ln(m— 1)+4? ^n{m— 1)+5? ^n(m— 1)+7? ? ^n(m— l)+n— 2> ^n{m— l)+n j 

We determine the edge labeling between the end vertex of loop and the starting vertex 

Ti 1 

of ( s + l) th loop and s = 1,2 , 3, — - — . 



Let E 6 = U {/iK«s+i)}= U {|/«)-/(s+i)|} 

5=1 S= 1 

= {1/ «) - / «)l , 1/ «) - / m \ , 1/ «) - / «o)l ,•••,!/ «_r) - / (Oil 

= { | ^n(m— 1)+5 ln(m— 1)+4 | 5 | ^n{m— 1)+8 ^n{m— l)+7 1 5 * 1 \ ln(m— l)+n-f-l l)+n | } 

l)+3i ln(m— l)+ 6 ; ' ' ' ■ ^nm-l} • 

Now, FI = (J Ei if n = l(mod 3) and E = ( (J •£» ) (J E 5 (J E 6 if n = 2 (mod 3). So the 

i - 1 \i=l / 

edges of S m ^„ (when m is odd and n = 1, 2(mod 3)), receive the distinct labels. Therefore, / is 
a Lucas graceful labeling. Hence, S rn . n is a Lucas graceful graph if m is odd, n = 1, 2 (mod 3). 

□ 



Example 2.8 The graphs S'5,4 and 65,5 admit Lucas graceful labeling, such as those shown in 
Fig. 3 and Fig 4. 



I2 li 
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Definition 2.9([2]) The graph G = F m @P n consists of a fan F m and a path P n of length n 
which is attached with the maximum degree of the vertex of F m . 

Theorem 2.10 F m @P n is a Lucas graceful labeling when n = 1,2 ( mod 3). 

Proof Let v-y, v 2 , ■■■, v m , and uq be the vertices of a fan F m and ui,u 2 , • • • , u n be the 
vertices of a path P n . Let G = F m @P n . Then |T(G)| = m + n + 2 and \E(G)\ = 2m + n+ 1. 
Define / : V(G) -> {lo,h,h,- ■ ■ ,h,},a e N, by f(u 0 ) = lo, f(vi ) = hi- i, 1 < i < m + 1. 

Tl — 1 Tt — 2 

For s = 1,2,- •• , — - — or — - — according as n = 1 (mod 3) or n = 2 (mod 3), f(uj) = 
o o 

hm+2j-3s+3i 3s — 2 < j < 3S. 

We claim that the edge labels are distinct. Let 



Ei = {fi(vi v i+ i) : 1 < i < m} = {| f(vi) - f (uj+i)| : 1 < i < m} 
= {\hi-i - hi+i\ ■ 1 < * < rn} 

{ l'2i • 1 ^ i — m } {^ 2 ? hj i hm\ 5 

E 2 = {/i (uoVi) : 1 < i < m+ 1} = {|/(u 0 ) - f(vi)\ 1 < i < m+ 1} 
= {|/o - ^ 2 *— 1 1 : 1 < i < m + 1} 

= {^ 2 i— l : 1 < * < to + 1 } = {Zi , I3, ■ ■ ■ , hm+l} 



and 



E3 — {/l (uqUi)} — {|/(« 0 ) — /(«l)|} — {\h ~ hm+2 1 } — {hm+ 2 } 
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For s = 1, 2, 3, ■ ■ ■ 



n — 1 



3 



and n = 1 (mod 3), let 



re -1 

3 

Ea = U i/ 1 ( u i' u i+ 1) : 3s - 2 < j < 3s - 1} 

S = 1 

re -1 

3 

= U {l/KO ~ /( u i+i)l : 3s - 2 < j < 3s - 1} 

5=1 

re -1 

3 

= {\hm+2j+3-3s ~ hm+2j+5-3s\ : 3s — 2 < j < 3s — 1} 

5=1 

re -1 

3 

= (^2m+2j+4— 3s • 3s 2 j < 3s 1) 

s= 1 

= {^2m+2j — 2 • 4 < j < 5} |J {l‘2m+2j-b : 7 < j < 8} |J • • • 

{^2m+2j — n+4 • ^ 3 J ^77- 2} 

= {^2m+65 ^2m+8} U {^2m+97 ^2m+ll >U-U{ ^2m+n— 2? ^2m+n} 

— {^ 2771+67 ^2m+8} ^2m+95 ^2m+ll} ? ^2m+n— 2? ^2m+n} 

We find the edge labeling between the end vertex of s th loop and the starting vertex of 

Tl — 1 

(s + l) th loop and s = 1, 2, 3, • • • , — - — , n = l(mod 3). Let 



re -1 re -1 

-£5=|J {A ( Uj uj+ 1 ) : j = 3s} = Q {| f(uj) - f(u j+ 1 )| : j = 3s} 

5=1 S=1 

re- 1 
3 

= [J {\hm+2j+3-3s ~ fom+2j+5-3s\ '■ j = 3s} 

5 = 1 

= {\hm+2j — hm+2j-l\ '■ j = 3} U {\hm+2j-3 ~ ^2m+2j-4,| ■ j = 6} |^J • • • 

|^J {\hm+2j — l2m+2j-l\ '■ j = Tl — 1} 

= {hm+2j-2 '■ j = 3} U {hm+2j-5 ■ j = 6} U, • • • , U {l2m+2j-n+3 ■ j = n ~ 1} 

}^2m+45 ^2m-\-7 •> ‘ ‘ ‘ i ^2m+n-f-l} * 



For s = 1, 2, 3, ■ ■ ■ 



n — 2 
3 



and n = 2 (mod 3), let 



re -2 

3 

d = j Uj+\) : 3s — 2 < j < 3s — 1} 

s= 1 

re -2 

3 

= U - f(uj+ i)l : 3s - 2 < j < 3s - 1} 

S= 1 

re -2 

3 

= {|/2m+2j+3-3s — ^2m+2j+5-3s | : 3s — 2 < j < 3s — 1} 

5=1 
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— (^2771+2^+4— 3s ^ 3s 2 < j < 3s 1) 

S— 1 

= {^2m+2j— 2 • 4 < j < 5} {l2m+2j-5 : ^ < j < 8}|J- 

{^ 2 m+ 2 j— 77+4 • ^ 3 J ^ LI 2 } 

= {^2777+6? ^2777+8 } {^2777+9? ^2777+h} (J ' ' ' |^J {^2777+77 — 25 ^TTt+Tt} 

— {^2777 + 6 } ^2777+8 ?2t77 + 9 5 ^2777+ 1 1 ? 5 ^2777 + 77— 2} ^2777+77 } 



We determine the edge labeling between the end vertex of s th loop and the starting vertex 

n — 2 

of ( s + l) th loop and s = 1,2, 3, — - — , n = 2 (mod 3). Let 

o 

n - 2 
3 

E 5 = U {h ( U P u t+^ : i = 3s } 

8 = 1 

n — 2 n - 2 

3 3 

= (J _ /( U i+l)l : 3 = 3s} = [J {\hm+2j+3-3s - hm+2j+5-3s\ '■ j = 3s} 

s=l s=l 

= {\hm+2j — hm+2j-l\ ■ j = 3>Ud ^2t77+2j— 3 ^2t77+2j — 4 1 * j — 6)U ■ 

{\^2m+2j— n+4 ^2m+2j— n+5 1 - j ~ ^ 1} 

= {^2m+2j — 2 : j 3} U {l2m+2j — 5 : j = 6} |^J • • • |^J {bm+2j~ (re— 3) ■ j = ^ l} 

= {^2rre+4> ^2rre+7> •••) ^2m+n+l} • 



Now, E = (J Ei if n = 1 (mod 3) and E = 

i= l 



u 3 

i=l 



IJ -E7 4 (J -E7 5 if n = 2 (mod 3). So, the 



edges of F m @P n (whenn = 1, 2 (mod 3)) are the distinct labels. Therefore, / is a Lucas graceful 
labeling. Hence, G = F m @P n (if n = 1, 2 (mod 3)) is a Lucas graceful labeling. □ 



Example 2.11 The graph F$@P 4 admits a Lucas graceful labeling shown in Fig. 5. 




Definition 2.12 ([2]) The Graph G = C m @P n consists of a cycle C m and a path of P n of 
length n which is attached with any one vertex of C m . 
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Theorem 2.13 The graph C m @P n is a Lucas graceful graph when m = 0 (mod 3) and n = 
1, 2 (mod 3). 

Proof Let G = C m @P n and let u \ , w 2 , • • • , u m be the vertices of a cycle C m and Vi , V 2 , ■ ■ ■ ,v, 
be the vertices of a path P n which is attached with the vertex (u-| = v\) of C m . Let V(G) = 
{u\ = i>i} U {u 2 , U 3 , • • • , u m } U {v 2 , vs , ..., v n ,v n +i} be the vertex set of G. So, | V(G)| = m + n 
and |.E7(G?)| = m + n. Define / : V(G) —> {lo,hr ■ ■ ,l a j, a e TV by f{u i) = f(v i) = l 0 ; /(u») = 

ui 

l 2 i- 3 s, 3 s - 1 < j < 3s + 1 for s = 1,2,3, • • • , i = 2,3, • • • ,m; f(vf) = Z TO+2 j-3r,3r - 1 < 

Tl H - 1 

j < 3r + 1 for r = 1, 2, • • • , — - — and j = 2, 3, • • • , n + 1. 

We claim that the edge labels are distinct. Let 

Ei = {/i (ui u 2 )} = {\f{ui) - f{u 2 )\} = (|/ 0 - ii|) = {k}, 

~3 

E 2 = U (A ( w * Ui + 1) : 35 - 1 < i < 35 and a m+ i = m} 

S— 1 

IT 

= {/i (w») - /(wi+i) : 35 - 1 < i < 35 and a m+ i = ai} 

S— 1 

= {\f(u 2 ) - f{u 3 ) | , |/(w 3 ) - /(w 4 )| , I f(u m ) - f{u m + 1 )|} 

= {|^1 ^3 1 5 1^3 ^5 1 5 1^4 ^6 1 5 1^6 ^8| 5***5 \^m ^o|} 

— {^2 5 ^45 ^5 ^7 5 5 

We determine the edge labeling between the end vertex of 5 t/l loop and the starting vertex 
of (s + l) th loop and s = 1, 2, ..., — — 1. Let 

O 

m i rn -i 

3 1 3 1 

E 3 = [J {/l(“35+l «3s+2)} = U {l/( U 3s+l) — f{u3s+2)\} 
s=l s=l 

= {|/(«4) - f(u 5 )| , |/(ti 7 ) - /K)| • • , \f(u m -2) - f(u m - 1)|} 

= { 1^5 — h\ r;|^8 — h\ j • • • ) |^m-l ~ lm- 2 1 } 

— {T3, Iq, , 3} ) 

E 4 = {fl(vi V 2 )} = {\f(vi) — f(V 2 )\} = {\lo ~ lm+ 4 - 3 \} {\lo ~ lm+ 4 - 3 \} 

= {|^0 — ^m+1 1 } = {|^0 — lm+ 1 1 } = {lm+l} ■ 

For n = l(mod 3), let 

n — 1 

3 

E 5 — [J {fi(vj vj+i) : 3r - 1 < j < 3r} 

r= 1 

n—l 

3 

= U {I f(vj) - f{vj+ 1 )| : 3r - 1 < j < 3r} 

r— 1 



5 ^n+l 
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= {| ~ /O 3 )| , \f(v 3 ) - f(v 4 ) | , * * ‘ , \f(v n -l) ~ /On) |} 

= { | ^m+4— 3 ^m+6— 3 1 5 |^m+6— 3 ^m+8— 3 1 5 |^m+10— 6 ^m+12— 6 1 5 |^m+12— 6 ^m+14— 6 1 5 

* * * 5 |^m+2n— 2— n+1 ^m+2n— n+l|} 

— {Orn+1 ^m+3| 5 |^m+3 ^m+5| 5 |^m+4 ^m+d 5 |^m+6 ^m+8| 5***5 |^m+n— 1 ^m+n+l|} 

= {/m +25 ^m+4? I m+5? ^m+7? * * * 5 ^m+n} • 

We calculate the edge labeling between the end vertex of r th loop and the starting vertex 

Th 1 

of (r + l) th loop and r = 1, 2, • • • , — - — . Let 



-®6 — [J {fl(V3r + i V3r+2)} — Q {|/(«3r+l) — /(^3r+2) | } 

r= 1 r= 1 

= (1/(^4) - f(v 5 )| , |/(V 7 ) - /0s)| , * * * , |/0n— 2) - / On— l) | } 

= {|^m+8— 3 ^ra+10— 6| 5 |^m+14— 6 ^m+16— 9 ) 5 * * * 5 |^ra+2n— 4— n+2 ^ra+2n— 2— n+1 1 } 

= {|^m+5 ^m+4| 5 |^m+8 ^m+7| 5***5 |^m+n— 2 ^m+n|} 

— {^m+3> ^m +65 ^m+9? 5 ^m+n— l} 



For n = 2 (mod 3), let 

re.— 1 re -1 

^5 = U (AOi «j+i) : 3r - 1 < j < 3r} = \J {| f(vj) - f(v j+ 1 )| : 3r - 1 < j < 3r} 



r=l 



r— 1 



= {I/O 2 ) - /0s)| , 1/03) - / O 4 ) | 5 * * ' 5 |/On-l) - /0n)|} 

= { | ^m+4— 3 ^m+6— 3 1 5 |^m+6— 3 ^m+8— 3 1 5 |^m+10— 6 ^m+12— 6 1 5 |^m+12— 6 ^m+14— 6 1 5 

‘ “ j |^m+2n— 2— 2n+l ^m+2n— n+l|} 

\_lm-\- 2i ^m+4? ^m+55 ^m+7? •••5 ^m+n} • 

We find the edge labeling between the end vertex of r th loop and the starting vertex of 

n — 2 

(r + l) th loop and r = 1,2,--- . — - — . Let 



E 6 ~ (J {fl( v 3r+l V3r+2)} — [J {|/(«3r+l) ~ f (,V3r+2) | } 
r— 1 r— 1 

= {I/O 4 ) - /05)l 5 I/Or) - / 0s)| r * • , l/On- 2 ) - /On-i)|} 

= {|^m+8— 3 ^m+10— 6| 5 |^m+14— 6 ^m+16— 9| 5***5 |^m+2n— 4— n+2 ^m+2n— 2— n+1 1 } 

= {|^m+5 ^m+4| 5 |^m+8 ^m+7| 5***5 |^m+n— 2 ^m+n|} 

= {^rn+3 > ^m+61 lm+ 9; > lm+n— l} 

Now, E = (J Ei if n = 1 (?tt.og? 3) and E = [ (J Ei J |JE 5 |JE 6 if n = 2 (mod 3). So, 

i=l \i=l / 

the edges of G receive the distinct labels. Therefore, / is a Lucas graceful labeling. Hence, 
G = Cm@P n is a Lucas graceful graph when to = 0 (mod 3) and n = 1, 2(mod 3). □ 
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Example 2.14 The graph C^@Pr admits a Lucas graceful labeling, such as those shown in 
Fig.6. 




Fig. 6 

Definition 2.15 The graph A'i,n © 2 P m means that 2 copies of the path of length m is attached 
with each pendent vertex of Ki n . 

Theorem 2.16 The graph Ki n © 2 P m is a Lucas graceful graph. 

Proof Let G = K ljn © 2 P m with V(G) = {ui : 0 < * < n} |J j : 1 < i < n, 1 < j 

< to — 1} and E(G) = {mo Ui : \ <i< ?i}U jn.; , u* : 1 <i<n and 1 < j < m — l|u 

v ilj+n v i?j v i 2 j + 1 : 1 < * < n and 1 < j < m — 1 j. Thus |E(G)| = 2 mn + n + 1 and 
\E(G)\ = 2 mn + n. 

For i = 1,2,- • • ,n, define / : V(G) —> {lo,h,h,- ■ ■ da}, a e N, by f{u 0 ) = lo f{ui ) = 
i(2m+l)(i-l)+2; f i. v i,j ) = l(2m+l)(i-l)+2j+l, 1 < j < m and f {v\j) = Z(2m+l)(*-l)+2j+2> 1 < 

J < TO. 

We claim that the edge labels are distinct. Let 

n n 

E 1 = IJ {/l (uo Ui)} = U (l/( w °) - f( u i)\} 

2=1 2=1 

n n 

= U {l /o “ ^(2m+l)(i-l)+2 | } = (J {^(2m+l)(i-l)+2 } j 
2=1 2=1 

n 

E 2 = U{A ) ’ f 1 (“i^V 1 ) } 

2=1 

n 

= U {| /(«<)- /K© > /( u i) - /k (2 i) } 

2=1 
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— U { ^(2m+l)(i— 1)+2 — ^(2m+l)(i-l)+3 > ^(2m+l)(i-l)+2 — ^(2m+l)(i-l)+4 | } 



= uo 



(2m+l)(i-l)+l^(2m+l)(i-l)+3 



3} 






— ^ 3 } U {^ 2 m +25 ^2m+4} U {^ 2 mn+n- 2 m+l 5 ^2mn-\-n— 2m+3} 

— {J'l't 5 ^ 2 mn+n- 2 m+li ^3} ^2m+4} 5 ^2mn+n-2m+3} > 



n I m— 1 



I I J I I V (D \ 

n I m— 1 

U { U { /Kli ) - /K\l+i } 



i=l ^ 1= 1 

n I m— 1 

U 11(1* 

*=1 1 1=1 



(2m+l)(»-l)+2j+l - ^(2ro+l)(i-l)+2j+3 



n [ m— 1 

u u |^(2m+l)(i-l)+2i+2} 

i=l [ 1=1 

n 

[_J {4(2m+l)(i— 1)+4> ^(2m+l)(i-l)+6> ' ' ' 4(2m+l)(i-l)+2m} 

i—1 

{k 5 ^65 5 ^ 2 m} U |^(2m+l)+45 ^( 2 m+l)+ 6 ? 5 ^( 2 m+l)(i-l)+ 2 m} |^J 

-U0 (2m+l)(n-l)+4j J(2m+l)(n-l)+6> * * * j ^(2m+l)(n-l)+2m} 

{^4? j ^2m 5 tm+5) ? ^4m+l5 j ^(2m+l)(n— 1)+4? ^(2m+l)(n— l)+6> ? femn+n- 1} 



n I m— 1 



I I J I I / fl f^( 2 ) w (2) \ 

U | U %j+lJ 

n I m— 1 

u| U {|/(<i)-/Kw|} 



i=l ^ 1=1 

n I m— 1 

(J U (K2m+l)(»-l)+21+2 - i(2m+l)(i-l)+21+4|} 
i=l [ 1=1 

n I m— 1 

U ) U { ; (2m+l)(i-l)+21+3} 
i=l I 1=1 



[J {i(2m+l)(i-l)+5> ^(2m+l)(*-l)+7) ' ' ' 4(2m+l)(i-l)+2m+l} 

2=1 

{^5 > * * * ? ^2m+l }U0 2m+l+5? ^2m+l+7? * * * ? ^2m+l+2m+l} 

U {^(2m+l)(n-l)+5> ^(2m+l)(n-l)+7> * * * ? ^(2m+l)(n-l) + (2m+l) } 

{^5? ? ^2m+l> ^ 2 m +65 ? ^4m+l5 5 ^(2m+l)(n— l)+5) ^(2m+l(n— 1)+7? 5 ^(2ra+l)+n} • 
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4 

Now, E = (J Ei = {li,h, ■■■J( 2 m+i)n}- So, the edge labels of G are distinct. Therefore, 

i— 1 

/ is a Lucas graceful labeling. Hence, G = A'i,n © 2 P m is a Lucas graceful labeling. □ 

Example 2.17 The graph K 14 © 2 P 4 admits Lucas graceful labeling, such as those shown in 
Fig. 7. 




Fig. 7 



Theorem 2.18 The graph C^@2P n is Lucas graceful graph when n = 1 (mod 3). 

Proof Let G = Cz@2P n with V ( G ) = { tc, : 1 < i < 3} U {/«, : 1 < * < n} U {v,: : 1 < i < n} 
and the vertices W 2 and W 3 of C 3 are identified with V\ and U\ of two paths of length n 
respectively. Let E(G) = {wiWi + 1 : 1 < * < 2} U ViVi + 1 : 1 < i < n} be the edge set of 

G. So, |F(G)| = 2n + 3 and \E(G)\ = 2n + 3. Define / : V(G) — > {Iq, h,h, • • • ,l a } ,a e N 
by f{wi) = Z n+4 ; f(ui) = l„+ 3 -i, 1 < i < n + 1; f(vj) = l n+4: + 2 j- 3 s, 3s - 2 < j < 3s for 

71 — 1 

s = 1, 2, ..., — - — and f(vj) = / n + 4 + 2 j- 3 s 3s - 2 < j < 3s - 1 for s = 



3 
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We claim that the edge labels are distinct. Let 

n n 

Ei = [J (AMM = ij (l/M - /K+i)|} 

i= 1 i= 1 

n n 

= I^J {\ln+3-i ~ ln+3—i—l | } = [J {|^n+3-z “ in+2-z|} 
i= 1 i=l 

n 

— {/n+ 1 — i} — In— h j ^l} 5 
i=l 

= (l/M - f(w i)| , |/M - /Ml , I/M) - /Ml} 

— {J^n+2 ^n+4| 5 |^n+4 ^n+3| 5 |^n+3 ^n+2 | } — {/n+3? ^n+2? ^n+l} • 

Tl — 1 

For s = 1, 2, • • • , , let 

3 

n-1 

3 

£3 = U {-ft ( w J u J+i) ; 3s - 2 < j < 3s - 1} 

S= 1 
n-1 

= U (l/M - /M-i)l : 3s — 2 < j < 3s — 1} 

S=1 

= {|/M - f(v 2 ) 1 , I/M - /Ml} u ll/M) - /Ml . I/M - /Ml} U 

■ ■ -|J{|/(Wn-3) - /K — 2 )| , 1/OrM - /(Un-l)|} 

{ /n+3 ^n+5| i |^n+5 ^n+7 } U { /n+6 ^n+8| i /n+8 ^n+lo|} 

-IKI hn-l — hn+l\ , \hn+l — ^2ra+3|} 

{/n+4) A+6} |^| {/ro+7) ^n+ 9 } (^j ' ' ' (^j {A ni ^2n+2} • 

We find the edge labeling between the end vertex of s th loop and the starting vertex of 

Tl — 1 

(s + l) th loop and 1 < s < . Let 

3 

Ei = {fi(vjV j+1 ) : j = 3s} = {|/M - /M-i)| : j = 3s} 

= (l/M - /Ml > I/M - /Ml . ■ ■ ■ , l/K-i) - /Ml} 

= {/n+7 — ^n+6 1 j /ra+10 — ^n+9| , ' ' ' , \hn+3 — hn+2\} = {h, ^8) ’ ' ' > ^2n+l} • 

Tl — 1 

For s = — 1- 1, let 

O 

E 5 = {fi{vjv(j +1 ) : j = 3s -2} = {|/M - /Mi)| : j = n} 

= {I f(Vn) /(/'n+1 ) | } — {|^n+4+2n— n— 2 ^n+4+2n+2— n — 2 | } 

= {/2n+2 — ^2ra+4|} = {^2ra+3} • 

5 

Now, E = IJ Ei = {h,h, ■■■,hn+ 3 ,}- So, the edge labels of G are distinct. Therefore, / is 

S= 1 

a Lucas graceful labeling. Hence, G = Cs@2P n is a Lucas graceful graph if n = 1 (mod 3). □ 
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Example 2.19 The graph Cz@2P± admits Lucas graceful labeling shown in Fig. 8. 




Fig. 8 



Theorem 2.20 The graph C n @K\ i2 is a Lucas graceful graph if n = 1 (mod 3). 

Proof Let G = C n @A'i ,2 with V(G) = {ut : 1 < i < ?r} U {vi,v 2 }, E(G) = {uiUi+i : 

1 < i < n — \}G{u n Ui,u n v n , u n v 2 }. So, |F(G)| = n+2 and |A(G)| = n+2. Dehne / : V(G) —> 

{k, h, k, • ••, la} , a e IV by f(m) = 0, f(v 1 ) = l n , f(v 2 ) = l n + 3 ; f(ui) = ki-Zs, 3s - 1 < i < 
Ti — 4 Tl — 1 

3s + 1 for s = 1, 2, ..., — - — and /(it;) = ki-Zs, 3s — 1 < i < 3s for s = — - — . We claim that 
o o 

the edge labels are distinct. Let 

Ei = {fi(uiu 2 ),fi(u n vi),f 1 (u n v 2 ),fi(u n u 1 )} 

= (l/(«l) - f(u 2 )| , | f(u n ) - /(Ul)| , | f(u n ) ~ f (v 2 ) \ , \f(u n ) - /(Ul)|} 

= {|^0 — h\ , \ln+l ~ In | , \k+l — ln+z\ j \k+l ~ ^0 1 } 

— {^ 1 5 In— 1 5 ln+2 ) ln-\-l} i 



E2 



n — 4 
3 

(J {fi{uiU i+ i) : 3s - 1 < * < 3s} 

5=1 

n - 4 
3 

U {|/(«») - /(«*+ i)l : 3s - 1 < i < 3s} 

5=1 

{I/M - f(u 3 )\ ,\f(u 3 ) - f{u 4 )\}\J{\f(u 5 ) - f(u 6 ) | , l/Oe) - /K)|}1J 
■ • -|J{|/(Wn-5) - /(«n-4)| , I/K 1 - 4 ) - f (u n - 3 ) |} 

{Ki — ^ 3 1 , 1^3 — k I } U (l^ 4 — k\ > l^ 6 ~ ^|} 14 



■U{l*"-6 k — 4 1 ? | — 5 In — 2 1 1 



{k,k}\J{h,k}\J - \J{l n - 5 j In— 3 } — {^2? ^4? ^5? ^7} ? In— 5? In— 3 } 



We determine the edge labeling between the end vertex of s™ loop and the starting vertex 
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Tl — 4 

of (s + l) th loop and 1 < s < — - — . Let 

O 

E 3 = {fi{uiU i+ i) : i = 3s + 1} = {| f(ui) - f(u i+ 1 )| : i = 3s + 1} 

= { 1/(^4) - f(u 5 )\ , \f(u 7 ) - f(u S )\ , ■ ■ ■ , I f(u n - 3 ) - f(u n - 2 )|} 

= { | ^8—3 _ ^10—6 1 j | ^ 14—6 — ^16—9 1 > ' ' ' i |^2n-6-n+4 _ ^2n-4-n+l |} 

= {1^5 G| 5 |^8 ll\ t * 5 \ln — 2 In— 3 )} = ‘ ‘ i In— 4 } • 

For s = let 

Ei = {fi(uiU i+1 ) : 3s - 1 < i < 3s} 

= {\f(ui) - f{u i+1 )\ : 3s - 1 < i < 3s} 

= {\f(u n - 2 ) - f(u„- 1 )| , |/(wn-l) - f(u n ) |} 

— {|^2n— 4— n+1 ^2n— 2— n-f-l| > |^2n— 2— ro+1 ^2n— n+l|} 

— {I^n— 3 L— 1 1 ) | In— 1 ln+1 | } — {In— 2 > In} 

4 

Now, E = [J E, = { Z ! , I 2 , ..., Z n + 2 }. So, the edge labels of G are distinct. Therefore, / is a 

i—1 

Lucas graceful labeling. Hence, G = C n @K i j2 is a Lucas graceful graph. □ 

Example 2.21 The graph C\q@K^ 2 admits Lucas graceful labeling shown in Fig. 9. 




Fig. 9 



§3. Strong Lucas Graceful Graphs 

In this section, we prove that the graphs Ki <n and F n admit strong Lucas graceful labeling. 

Definition 3.1 Let G be a ( p,q ) graph. An injective function f : V(G) — > {lo, h, h, ■ ■ ■ ,l q } 
is said to be strong Lucas graceful labeling if an induced edge labeling fi(uv) = \f(u) — f(v)\ is 
a bijection on to the set {I 1 J 2 , with the assumption of Iq = 0, Zi = 1,Z 2 = 3, l 3 = 4,^4 = 
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7,l 5 = 11, • • • Then G is called strong Lucas graceful graph if it admits strong Lucas graceful 
labeling. 

Theorem 3.2 The graph K\^ n is a strong Lucas gracefid graph. 

Proof Let G = A'i,„ and V = V\ U V 2 be the bipartition of K- l n with V\ = {ui} and 
V 2 = {u 1 ,u 2 , ... ,u n }. Then, |H(G)| = n+1 and \E(G)\ = n. Define / : V(G) — > {lo,h,h, —,l n } 
by /(no) = lo, f(u 1 ) = * 1 , 1 < i < n. We claim that the edge labels are distinct. Notice that 

E = {fi(u 0 ui) : 1 <i<n} = {f(u 0 ) - f(ui) : 1 <i< n} 

= {\.f(uo) - f{ui )\ , |/(«o) - f(u 2 ) I , ..., |/(w 0 ) - /K) |} 

= {|^0 — ^l| J 1*0 — h\ , •••) 1*0 — *ra|} = {*1) *2) •••) *n} 

So, the edges of G receive the distinct labels. Therefore, / is a strong Lucas graceful labeling. 
Hence, Iif , n the path is a strong Lucas graceful graph. □ 

Example 3.3 The graph A' 1,9 admits strong Lucas graceful labeling shown in Fig. 10. 

*0 




Fig. 10 



Definition 3.4( [2] ) Let u\,u 2 , ...,u n ,u n + 1 be the vertices of a path and uq be a vertex which 
is attached with u±, u 2 , ..., u n , u n +\. Then the resulting graph is called Fan and is denoted by 

F n = P n + K \ . 

Theorem 3.5 The graph F n = P n + K\ is a Lucas graceful graph. 

Proof Let G = F n and ui,u 2 , ..., u n ,u n + 1 be the vertices of a path P n with the central 
vertex uo joined with ui, u 2 , ..., u n , u n +i. Clearly, |H(G)| =n + 2 and |E(G)| =2n + l. Define 
/ : T(G) {i 0 ,*i,* 2 , ...,* 2 n+i} by f(u 0 ) = *0 and f(m) = hi-i, 1 < i < n+ 1. We claim that 
the edge labels are distinct. 

Calculation shows that 

Ei = {fi(uiU i+1 ) : 1 < i < n} = {|/(Uj) - f(u i+ i)\ : 1 < i < n} 

= {\f(ui) - f{u 2 ) I, \f{u 2 ) - /(m 3 )|, ..., I f{u n ) - f(u n + 1 )|} 

= {|*1 — * 3 !, 1*3 ~ * 5 !) •••) |*2n-l — *2ra+l |} = {*2> *4j •••) hn} , 
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E 2 = {fi(uoUi) : 1 <i <n+l} = {\f(u 0 ) - f(ui)\ : 1 <i <n+l} 

= {| f{uo) - f{u l)|, |/(«o) - f(u 2 )\, |/(«o) - f(u n+ 1 )|} 

= {Uo — ^lU Uo — ^3|j ---5 Uo — hn+l\} = •••) hn+l}- 

Whence, E = E\G E 2 = {h,l 2 , hn, hn+i}- Thus the edges of F n receive the distinct labels. 
Therefore, / is a Lucas graceful labeling. Consequently, F n = P n + A'i is a Lucas graceful 
graph. □ 

Example 3.6 The graph F~j = P 7 + K 1 admits Lucas graceful graph shown in Fig. 11. 




Fig. 11 
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Abstract: An interesting symmetry on multiplication of numbers found by 

Prof.Smarandache recently. By considering integers or elements in groups on graphs, we 
extend this symmetry on graphs and find geometrical symmetries. For extending further, 
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metrical systems in mathematical sciences. 
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§1. Sequences 

Let Z + be the set of non-negative integers and T a group. We consider sequences {i(n)\n G Z+} 
and {g n G T|n G Z + } in this paper. There are many interesting sequences appeared in literature. 
For example, the sequences presented by Prof.Smarandache in references [2], [13] and [15] 
following: 

(1) Consecutive sequence 

1, 12, 123, 1234, 12345, 123456, 1234567, 12345678, • • • ; 

(2) Digital sequence 

i, ii, in, mi, mil, mil, mini, liiiim, • • • 

(3) Circular sequence 

1, 12,21, 123,231,312, 1234, 2341, 3412, 4123, ••• ; 

(4) Symmetric sequence 

1, 11, 121, 1221, 12321, 123321, 1234321, 12344321, 123454321, 1234554321, • • • ; 

(5) Divisor product sequence 



1 Reported at The 7th Conference on Number Theory and Smarandache’s Notion, Xian, P.R.China 
2 Received December 18, 2010. Accepted February 18, 2011. 



Sequences on Graphs with Symmetries 



21 



1, 2, 3, 8, 5, 36, 7, 64, 27, 100, 11, 1728, 13, 196, 225, 1024, 17, 5832, 19, • • 



(6) Cube-free sieve 

2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 25, 26, 28, 29, 30, • • 



He also found three nice symmetries for these integer sequences recently. 

First Symmetry 





1x8 + 1 


= 


9 




12 x 8 + 2 


= 


98 




123 x 8 + 3 


= 


987 




1234 x 8 + 4 


= 


9876 




12345 x 8 + 5 


= 


98765 




123456 x 8 + 6 


= 


987654 




1234567 x 8 + 7 


= 


9876543 




12345678 x 8 + 8 


= 


98765432 




123456789 x 8 + 9 


= 


987654321 


Second Symmetry 




1x9 + 2 


= 


11 




12 x 9 + 3 


= 


111 




123 x 9 + 4 


= 


1111 




1234 x 9 + 5 


= 


11111 




12345 x 9 + 6 


= 


111111 




123456 x 9 + 7 


= 


1111111 




1234567 x 9 + 8 


= 


11111111 




12345678 x 9 + 9 


= 


111111111 




123456789 x 9 + 10 


= 


1111111111 


Third Symmetry 




1 x 1 


= 


1 




11 x 11 


= 


121 




111 x 111 


= 


12321 




1111 x 1111 


= 


1234321 




mil x mil 


= 


12345431 
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mm x mm 
mini x mini 

11111111 X 11111111 

mmm X mmm 



12345654321 

1234567654321 

13456787654321 

12345678987654321 



Notice that a Smarandache sequence is not closed under operation, but a group is, which 
enables one to get symmetric figure in geometry. Whence, we also consider labelings on graphs 
G by that elements of groups in this paper. 



§2. Graphs with Labelings 

A graph G is an ordered 3-tuple (V(G), E(G); 1(G)), where V(G), E(G) are finite sets, called 
vertex and edge set respectively, V(G) ^ 0 and 1(G) : E(G) — > V(G) x V(G). Usually, the 
cardinality |U(G)| is called the order and \E(G)\ the size of a graph G. 

A graph H = (Vi ,E\\I\) is a subgraph of a graph G = (V,E;I) if Vi C V, E- t C E and 
Ii : Ei — > Vi x Vi, denoted by H C G. 

Example 2.1 A graph G is shown in Fig. 2.1, where, V(G) = {v\,v 2 ,v 3 ,V4}, E(G) = 
{ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , e 9 , e 1Q } andJ(ej) = 1 <i< 4;/(e 5 ) = (vi,v 2 ) = (v 2 ,vi),I(e 8 ) 

= (V3,V4) = (V4,v 3 ),l(e 6 ) = I(e 7 ) = (v 2 ,v 3 ) = (v 3 ,v 2 ), I(e 8 ) = I(e 9 ) = (u 4 ,n) = (ui,u 4 ). 




Fig. 2.1 

An automorphism of a graph G is a 1 — 1 mapping 9 : V (G) — > V (G) such that 

0(u,v) = (9(u),0(v)) G E(G) 

holds for \/(u,v) G E(G). All such automorphisms of G form a group under composition 
operation, denoted by AutG. A graph G is vertex-transitive if AutG is transitive on V(G). 

A graph family is the set of graphs whose each element possesses a graph property P. 
Some well-known graph families are listed following. 
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Walk. A walk of a graph G is an alternating sequence of vertices and edges ui,ei,u 2 ,e 2 , 
• • • ,e„, u ni with e» = (u», u i+ i) for 1 < i < n. 

Path and Circuit. A walk such that all the vertices are distinct and a circuit or a cycle is 
such a walk «i, ei, u 2 , e 2 , • ■ ■ , e n , u ni with u\ = u n and distinct vertices. A graph G = (V, E; I) 
is connected if there is a path connecting any two vertices in this graph. 

Tree. A tree is a connected graph without cycles. 

n-Partite Graph. A graph G is ?r-partite for an integer n > 1, if it is possible to partition 
V{G) into n subsets V\,V 2 ,--- ,V n such that every edge joints a vertex of Fjto a vertex of 
Vj, j 7 ^ i, 1 < i,j < n. A complete n-partite graph G is such an ?r-partite graph with edges 
uv € E(G) for Vu £ Vi and v £ Vj for 1 < i,j < n, denoted by K(pi,p 2 , ■ ■ ■ ,p n ) if \Vi\ = pi for 
integers 1 < i < n. Particularly, if |Vj| = 1 for integers 1 < i < n, such a complete n-partite 
graph is called complete graph and denoted by K n . 




A'(4,4) 




Fig. 2. 2 

Two operations of graphs used in this paper are defined as follows: 

Cartesian Product. A Cartesian product G 1 x G 2 of graphs G\ with G 2 is defined by 
V{G\ x G 2 ) = V(Gi) x V(G 2 ) and two vertices (ui,u 2 ) and (vi,v 2 ) of G\ x G 2 are adjacent if 
and only if either u\ = V\ and {u 2 , v 2 ) £ E(G 2 ) or u 2 = v 2 and (ui, V\) £ E{G 1 ). 

The graph K 2 x Pq is shown in Fig. 2. 3 following. 



Ko 



1 



2 




5 



6 



U 1 U 2 U 3 U4 u 5 u e 



Vi V 2 V 3 V4 v 5 v 6 



I< 2 X P 6 



Fig. 2. 3 
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Union. The union GU H of graphs G and H is a graph (V (GU H), £(GU H), I(GL>H)) with 
V(GUH) =V{G)UV(H), E(GUH)=E(G)UE(H) and I(GU H) = I(G)U 1(H). 

Labeling. Now let G be a graph and N C Z + . A labeling of G is a mapping l G ■ V(G) U 
E(G) — > AT with each labeling on an edge (u,v) is induced by a ruler r(l G (u),l G (v)) with 
additional conditions. 

Classical Labeling Rulers. The following rulers are usually found in literature. 

Ruler Rl. r(l G (u), Ig(v)) = \ l G (u) - l G (v) \- 




Fig. 2. 4 

Such a labeling l G is called to be a graceful labeling of G if Ig(V (G)) C {0, 1 , 2, • • • , | V'(G) | } 
and Ig(E(G)) = {1, 2, • • • , |F(G)|}. For example, the graceful labelings of Pq and Si. 4 are shown 
in Fig. 2. 4. 

Graceful Tree Conjecture (A. Rose, 1966) Any tree is graceful. 

There are hundreds papers on this conjecture. But it is opened until today. 

Ruler R 2 . r(l G (u),l G (v)) = Ig(u) + l G (v). 

Such a labeling l G on a graph G with q edges is called to be harmonious on G if l G (V (G)) C 
Z(modg) such that the resulting edge labels I g (E(G)) = {1,2, ••• ,|U(G)|} by the induced 
labeling l G (u,v ) = l G (u) + l G (v) (modq) for V(u, v) G E(G). For example, ta harmonious 
labeling of Pq are shown in Fig. 2. 5 following. 

3 1 5 4 . 2 . 

2 1 0 5 4 3 



Fig. 2. 5 

Update results on classical labeling on graphs can be found in a survey paper [4] of Gallian. 

Smarandachely Labeling Rulers. There are many new labelings on graphs appeared in 
International J.Math.Combin. in recent years. Such as those shown in the following. 

Ruler R3. A Smarandachely k-constrained labeling of a graph G(U, E) is a bijective mapping 
/ : V U E -4 {1, 2, .., |Vj + |U|} with the additional conditions that | f(u) — f(v)\ > k whenever 
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uv € E, | /(it) — f(uv ) | > k and |/(iti>) — f(vw)\ > k whenever u ^ w, for an integer k > 2. 
A graph G which admits a such labeling is called a Smarandachely fc-constrained total graph, 
abbreviated as k — CTG. An example for k = 5 on P 7 is shown in Fig. 2. 6 . 




Fig. 2 . 6 

The minimum positive integer n such that the graph G U K n is a k — CTG is called fc- 
constrained number of the graph G and denoted by tk{G), the corresponding labeling is called 
a minimum fc-constrained total labeling of G. Update results for tkiG) in [3] and [12] are as 
follows: 

! 2 if n = 2 , 

1 if n = 3, 

0 else. 

(2) f 2 (G„) = 0 if n > 4 and t 2 (Gs) = 2. 

(3) t 2 {K n ) = 0 if n > T 

! 2 if n = 1 and m = 1 , 

1 if n = 1 and m > 2, 

0 eZse. 
f 0 if k < ko, 

(5) U-(Pn) = < 2(fc — fco) — 1 if k > ko and 2n = 0(mod3), 

[ 2 {k — fc 0 ) */ k > ko and 2n = 1 or 2 (mod 3). 
f 0 if k < k 0 , 

( 6 ) tk(C n ) = < 2(fc — fco) if k > fc'o and 2 n = 0 ( mod 3), 

[ 3(fc — fco) if k > fc'o and 2n = 1 or 2 {mod 3), 
where fc’o = [ 2Ti 3 ~ 1 ] . More results on tk{G) cam be found in references. 



Ruler R4. Let G be a graph and / : V(G) —> {1,2,3, ••• ,|U| + |P(G)|} be an injection. 
For each edge e = uv and an integer to > 2, the induced Smarandachely edge m-labeling fg is 
defined by 



fs(e) 



~ f{u)+f(vY 

TO 



Then / is called a Smarandachely super m-mean labeling if f(V(G)) U |/*(e) : e € E(G)} = 
{1,2,3, ••• ,|U| + |A(G)|}. A graph that admits a Smarandachely super mean m-labeling is 
called Smarandachely super ?n-mean graph. Particularly, if to = 2, we know that 



r f(u) + f(v) 

f ^ ~ I f(u) + f(v) + 1 



2 



if f(u) + f(v) is even; 
if f(u) + f(v) is odd. 
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A Smarandache super 2-mean labeling on Pq is shown in Fig. 2. 7. 




1 2 3 5 7 8 9 11 13 14 15 



Fig. 2. 7 

Now we have know graphs P n , C n , Jv„,K(2,n), (n > 4), K(l,n) for 1 < n < 4, C m x P n 
for n > 1, m = 3, 5 have Smarandachely super 2-mean labeling. More results on Smarandachely 
super to- mean labeling of graphs can be found in references in [1], [11], [17] and [18]. 



§3. Smarandache Sequences on Symmetric Graphs 



Let 1% : V(G) -> {1, 11, 111, 1111, 11111, 111111, 1111111, 11111111, 111111111} be a vertex la- 
beling of a graph G with edge labeling Iq(u, v) induced by Iq(u)Iq(v) for ( u , v) € E(G) such that 
Iq(E(G)) = {1, 121, 12321, 1234321, 123454321, 12345654321, 1234567654321, 123456787654321, 
12345678987654321}, i.e., Iq(V (G)UE(G)) contains all numbers appeared in the Smarandachely 
third symmetry. Denote all graphs with Iq labeling by ££ s . Then it is easily find a graph with 
a labeling Iq in Fig. 3.1 following. 



Ill 

1111 

mil • — 

mm- 

mini • 

liiiim • 

mmm • 



li- W -li 

12321 

1234321 
123454321 
12345654321 
1234567654321 
1 23456787654321 
12345678987654321 



111 

A-llll 

• 11111 

-111111 

* mini 

* 11111111 

* 111111111 



Fig. 3.1 

Generally, we know the following result. 

n 

Theorem 3.1 Let G € ££ s . Then G = (J Hi for an integer n > 9, where each Hi is a 

i— 1 

connected graph. Furthermore, if G is vertex-transitive graph, then G = nH for an integer 
n > 9, where H is a vertex-transitive graph. 

Proof Let C(i) be the connected component with a label i for a vertex it, where i G 
{1, 11, 111, 1111, mil, mill, mini, nilllll, nnillll}. Then all vertices v in C(i) must 
be with labeHgtn) = i. Otherwise, if there is a vertex v with Iq(v) =j€ {1,11,111,1111,11111, 
111111, 1111111, nilllll, nnillll} \ {i}, let P{u, v) be a path connecting vertices u and v. 
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Then there must be an edge (x,y) on P{u,v) such that Iq(x) = i, Iq{u) = j ■ By definition, 
* x j Iq(E(G)), a contradiction. So there are at least 9 components in G. 

Now if G is vertex-transitive, we are easily know that each connected component C(i) must 
be vertex-transitive and all components are isomorphic. □ 



The smallest graph in is the graph 9K-2 shown in Fig.3.1. It should be noted that each 
graph in J2?,f is not connected. For finding a connected one, we construct a graph Qk following 
on the digital sequence 



1 , 11 , m, mi, mil, ■■■ ,in_i. 

k 



by 



v{Q k ) = {i,ii,--. ,im_i}|J{i , ,iiV-- 

k k 



E(Qk) = {(1, 11 • • • 1 ), ( x,x '), ( x , y)\x, y £ V(Q) differ in precisely one 1}. 
k 



Now label x € V(Q) by Ig(x) = Ig(x') = x and (u,v) € E(Q) by Ig(u)Ig(v). Then we have 
the following result for the graph Q^. 



Theorem 3.2 For any integer m > 3, the graph Q m is a connected vertex-transitive graph of 
order 2 m with edge labels 

l G {E{Q)) = {1, 11, 121, 1221, 12321, 123321, 1234321, 12344321, 12345431, • • • }, 



i.e., the Smarandache symmetric sequence. 

Proof Clearly, Q m is connected. We prove it is a vertex-transitive graph. For simplicity, 
denote 11 • • • 1 , 11 • • ■ 1' by i and i , respectively. Then V(Q m ) = {1, 2, • • • ,m}. We define an 

i i 

operation + on V(Qk) by 

k + 1 = 11 • • ■ 1 and k + l = k + l , k = k 

k-\-l(modk ) 

for integers 1 < k, l < m. Then an element i naturally induces a mapping 

i* : x—^x + i, for x£V(Q m ). 

It should be noted that i* is an automorphism of Q m because tuples x and y differ in precisely 
one 1 if and only if x + i and y + i differ in precisely one 1 by definition. On the other hand, 
the mapping r : x — > x' for \/x £ is clearly an automorphism of Q m . Whence, 

Sf = ( r, i* | 1 < i < to) ^ AutQ m , 

which acts transitively on V(Q) because (y — x)*(x) = y for x, y £ V(Q m ) and r : x — » x'. 
Calculation shows easily that 



lG(E(Q m )) = {1, 11, 121, 1221, 12321, 123321, 1234321, 12344321, 12345431, • • •}, 
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i.e., the Smarandache symmetric sequence. This completes the proof. □ 

By the definition of graph Q m , w consequently get the following result by Theorem 3.2. 

Corollary 3.3 For any integer m > 3, Q m ~ C m x P 2 . 

The smallest graph containing the third symmetry is Q 9 shown in Fig. 3. 2 following, 




where a = 11, c 2 = 1221, c 3 = 123321, c 4 = 12344321, c 5 = 12344321, c 5 = 1234554321, 
c 6 = 123456654321, c 7 = 12345677654321, c 8 = 1234567887654321, c 9 = 123456789987654321. 



§4. Groups on Symmetric Graphs 

In fact, the Smarandache digital or symmetric sequences are subsequences of Z, a special infinite 
Abelian group. We consider generalized labelings on vertex-transitive graphs following. 

Problem 4.1 Let (Tjo) be an Abelian group generated by ,x n . Thus T = (x\,X 2 , 

••• , x n \Wi, ■ ■ ■ ). Find connected vertex-transitive graphs G with a labeling Iq ■ V{G) — > 
{lr, xi, X2, • • • ,x n } and induced edge labeling Ig(u,v) = Ig{u ) o Ig(v) for (u,v) £ E{G) such 
that 

I g {E{G)) = {l r , Xi, x\ ox 2 ,xl,x 2 °x 3 ,--- , x n -i ox n ,x 2 n }. 

Similar to that of Theorem 3.2, we know the following result. 

Theorem 4.2 Let (T; o) be an Abelian group generated by x\,X 2 ,- ■ ■ , x n for an integer n > 1 . 
Then there are vertex-transitive graphs G with a labeling Iq '■ V(G) — > {lr, £ 1 , 2 : 2 ! • • • ,x n } such 
that the induced edge labeling by Iq{u,v) = Ig(u) o Iq{v) with 

I g (E(G)) = { l r , x\i x\ ox 2 ,xl,x 2 o x 3 ,- •• , x n —i o x n , x 2 }. 

Proof For any integer to > 1, define a graph Qm, n ,k by 

( m— 1 \ / m— 1 \ / m— 1 \ 

U U U w(l) w u ■ ■ ■ U U u{i) ^ 

i=0 ) \ i= 0 / V 2—0 / 
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where |{?/W[a:],uW[j/],- • • , l^W[z]}| = k and 



rr(i)r T l _ r r W r W r W ... r (*h 

U |XJ — , X 2 , , X ra J - , 

v M [y] = {(yo) {t) , y[ l) , vi l) , • • • , 4 * } } , 

WM[z} = {(zo)M,z?\z%\--- , 4 *)} 



for integers 0 < i < ?n — 1 , and 



£(Q m>n ) = 1J^2 (J ^3, 



where £} = { (x^ , ■ ■ ■ , (z l 



(yi l \yl+ 

E 3 = {(x\'>,x\^ > ), ,{z\ 

(modm.)}. Then is clear that Q m ,n,k is connected. We prove this graph is vertex-transitive. In 
fact, by defining three mappings 



(z, 



« 



,(*) _W 



) | 0 < l < n — 1, 0 <i<m- 1}, E 2 = { (; 



.(0 T (0 

J l ’ 1 



), 



1 h i\*l i*l + 1 

„(*) N i + 1 )\ /'„,(*) „,(*+!)> 



i) | 0 < l < n — 1, 0 < i < to — 1, where / + 1 = (modn)} and 
)| 0 <Z<n— 1 , 0<i<m— 1 , where i + l = 



(*) J*+i) 



a (*) (») (i 



,(0 



%+!>••• ,*z 



(*) 



e (i) 

°Z + 1> 



r : a;, 



(i) 

<j:x) 



(0 



> ^z 



Vi 



T «+ 1) ,,(*) 
x i i yi 



Vi 



u i > 
*+i) 



(*) 

. ■ ■ ■ . ^ 



v (*+i) 



where 1 < l < n, 1 < i < m, i + l(modm), l + l(modn). Then it is easily to check that 0, r 
and cr are automorphisms of the graph Q m , n ,k and the subgroup (9, r, cr) acts transitively on 

P (Qm,n,k) • 

Now we define a labeling Iq on vertices of Qm,n,k by 
1 q( x o ] ) = l Q(yo l) ) = • • • = *§(4°) = !r, 

Zq(z ; W ) = ^(y ; W ) = ’ ’ ’ = Iq( z i 1) ) =x h 1 < i < m, 1 < l < n. 

Then we know that Ig{E(G)) = {lr, Xi, X 2 , • • • ,x n } and 

Ig{E{G)) = {l r , x\,x\ ox 2 ,xl,x 2 o x 3 , ■ ■ ■ , x n -\ o x n ,x 2 n }. □ 

Particularly, let T be a subgroup of (Zininm, x) generated by 

{1,11,111,1111,11111,111111,1111111,11111111,111111111} 

and m = 1 . We get the symmetric sequence on a symmetric graph shown in Fig. 3. 2 again. 

Let to = 5, n = 3 and k = 2, i.e., the graph Q 5 . 3 ^ with a labeling Iq : P(Qs, 3 , 2 ) — * 

{lr, £ 1 , £ 2 , x 3 , X4} is shown in Fig. 4.1 following. 

Denote by 1 Vg[x] all vertices in a graph G labeled by an element x € T. Then we know 
the following result by Theorem 4.2. The following results are immediately conclusions by the 
proof of Theorem 4.3. 



Corollary 4.3 For integers m,n > 1, Q m ,n,k — Cm x C n x Ck- 
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Corollary 4.4 |JVa 

W m 



k [a;] | = mk for \/x £ {lr, x\, ■ ■ ■ ,x n } and integers m,n,k > 1. 




§5. Speculation 

It should be noted that the essence we have done is a combinatorial notion, i.e. , combining math- 
ematical systems on that of graphs. Recently, Sridevi et al. consider the Fibonacci sequence 
on graphs in [16]. Let G be a graph and {Fo, -Fi, Fb, • • • , F q , • • • } be the Fibonacci sequence, 
where F q is the q th Fibonacci number. An injective labeling Iq ■ V(G) — > {Fq, Fi, Fb, • • • , F q } 
is called to be super Fibonacci graceful if the induced edge labeling by Ig(u, v ) = | Ig(u) — Ig{v) I 
is a bijection onto the set ,F q } with initial values F 0 = F\ = 1. They proved a 

few graphs, such as those of C n © P m , C n © A'i, m have super Fibonacci labelings in [18]. For 
example, a super Fibonacci labeling of Cq © Pq is shown in Fig.5.1. 




Fig. 5.1 

All of these are not just one mathematical system. In fact, they are applications of Srnaran- 
dache multi-space and CC conjecture for developing modern mathematics, which appeals one 
to find combinatorial structures for classical mathematical systems, i.e., the following problem. 



Problem 5.1 Construct classical mathematical systems combinatorially and characterize them. 
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For example, classical algebraic systems, such as those of groups, rings and fields by combina- 
torial principle. 

Generally, a Smarandache multi-space is defined by the following. 

Definition 5.2( [6] , [14]) For an integer m > 2, let (£i;72i), (£ 2 ;72 2 ), (S m ;72. m ) be in 

mathematical systems different two by two. A Smarandache multi-space is a pair (£;72) with 

m m 

£ = | J £i , and 1Z = [ J 7?.,; . 

i—1 i= 1 

Definition 5.3([10]) A combinatorial system a is a union of mathematical systems (£i;72i), 
(£ 2 ; 72.2)j (£ m ;72 m ) for an integer m, i.e., 

m m 

*b = ( U £*; U 7 ^) 

with an underlying connected graph structure G, where 

V(G) = {£ 1 , £ 2 , • • • ,£ m }, E(G) = { (£*, £j) | £, f| £^ 0, 1 < i,j < m}. 

We have known a few Smarandache multi-spaces in classical mathematics. For examples, 
these rings and fields are group multi-space, and topological groups, topological rings and 
topological fields are typical multi-space are both groups, rings, or fields and topological spaces. 
Usually, if in > 3, a Smarandache multi-space must be underlying a combinatorial structure G. 
Whence, it becomes a combinatorial space in that case. I have presented the CC conjecture 
for developing modern mathematical science in 2005 [5], then formally reported it at The 2 th 
Conference on Graph Theory and Combinatorics of China (2006, Tianjing, China) ([7]- [10]). 

CC Conjecture(Mao, 2005) Any mathematical system (£;7 2) is a combinatorial system 
< i,j < m). 

This conjecture is not just an open problem, but more likes a deeply thought, which opens 
a entirely way for advancing the modern mathematical sciences. In fact, it indeed means a 
combinatorial notion on mathematical objects following for researchers. 

(1) There is a combinatorial structure and finite rules for a classical mathematical system, 
which means one can make combinatorialization for all classical mathematical subjects. 

(2) One can generalizes a classical mathematical system by this combinatorial notion such 
that it is a particular case in this generalization. 

(3) One can make one combination of different branches in mathematics and find new 
results after then. 

(4) One can understand our WORLD by this combinatorial notion, establish combinatorial 
models for it and then find its behavior, for example, 

what is true colors of the Universe, for instance its dimension? 
and • • • . For its application to geometry and physics, the reader is refereed to references [5]- [10], 
particularly, the book [10] of mine. 
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Abstract: A simple graph G = (V, E) admits an H-covering if every edge in E belongs to 
a subgraph of G isomorphic to H. We say that G is Smarandachely pair {s,Z} H-magic if 
there is a total labeling / : V U E — > {1, 2,3, •• • , \V\ + |U|} such that there are subgraphs 
Hi = (Vi,Ei) and H 2 = ( V 2 ,E 2 ) of G isomorphic to H , the sum Y f ( v ) + Y /(e) = s 

v£Vi e£E 1 

and Y f( v )+ Y /(e) = T Particularly, if s = l, such a Smarandachely pair {s, 1} H - magic 

v £ V-2 e €£?2 

is called H - magic and if f(V) = (1,2, • • • , |V|}, G is said to be a IT-supermagic. In this 
paper we show that edge amalgamation of a finite collection of graphs isomorphic to any 
2-connected simple graph H is IT-supermagic. 

Key Words: IT-covering, Smarandachely pair {s,l} H- magic, IT-magic, IT-supermagic. 
AMS(2010): 05C78 

§1. Introduction 

The concept of IT-magic graphs was introduced in [3] . An edge-covering of a graph G is a family 
of different subgraphs H\,H 2 , . . . ,Hk such that each edge of E belongs to at least one of the 
subgraphs H i} 1 < i < k. Then, it is said that G admits an (Hi,H 2 , . . . , Hk ) - edge covering. 
If every IT,; is isomorphic to a given graph H, then we say that G admits an H-covering. 

Suppose that G = (V,E) admits an IT-covering. We say that a bijective function / : 
V U E —> {1, 2, 3, • • • , | V\ + l-E 1 !} is an IT-magic labeling of G if there is a positive integer m(f), 
which we call magic sum, such that for each subgraph H' = (V' , E') of G isomorphic to H, 
we have, /(IT) = Y v ev + YeeE' /( e ) = TO (/)- I n this case we say that the graph G 
is IT-magic. When /(V) = {1,2, |V|}, we say that G is IT-supermagic and we denote its 
supermagic-sum by s(f). 

We use the following notations. For any two integers n < m, we denote by [n,m], the set 
of all consecutive integers from n to m. For any set I C N we write, Y I = E x anc t tor any 

integers k, I + fc = {x + k : x € I}. Thus k+ [n, to] is the set of consecutive integers from k + n to 



1 Rec.eived December 29, 2010. Accepted February 20, 2011. 
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k+m. It can be easily verified that Yf (I + k) =^I+fc|I|. If P = {Xi,X 2 , • • • , X„} is a partition 
of a set X of integers with the same cardinality then we say P is an n-equipartition of X. Also 
we denote the set of subsets sums of the parts ofPby^P = {^Xl,^X 2 ,--- , Y X n }. Finally, 
given a graph G = ( V . , E) and a total labeling / on it we denote by /(G) = f(V) + f{E). 



§2. Preliminary Results 



In this section we give some lemmas which are used to prove the main results in Section 3. 

Lemma 2.1 Let h and k be two positive integers and h is odd. Then there exists a k- 

(h — \)(hk + k + 1) 

equipartition P = {Xi, X 2 , • • • , X*,} of X = [1, hk ] such that Y X r = — h r 

( h — l)(hk + k + 1) 

for 1 < r < k. Thus, P is a set of consecutive integers given by^2P= + 

Proof Let us arrange the set of integers X = [1, hk] in a ft. x k matrix A as given below. 



2 n + 1 



2 n + 2 



• • • 2k — 1 2k 
■■■ 3k - 1 3k 



y (ft— l)fc + l (ft — l)k + 2 ••• hk — 1 hk J 

That is, A = (a.ij)hxk where a.jj = (i — 1 )k + j for 1 < i < ft and 1 < j < k. For 1 < r < k, 
define X r = {a^ r /l <i< U {a^k-r+ 1 /^ 2 ^ < i < ft}- Then 



E^ = E & i,r ^ ^ 0*2, k— r +1 



= ^(1 — l)fc + r ^ (i — l)k + k — r + 1 



h 2 k + ft — k — 1 



(ft — l)(ftfc + k + 1) 



+ r for 1 < r < k. 



Hence, EP= (/l 1 )(^ + fc + 1) + [i , fc ]. □ 

Example 2.2 Let ft = 9, k = 6 and X = [1,54]. Then the partition subsets are Xi = 
{1,7,13,19,25,36,42,48,54}, X 2 = {2,8,14,20,26,35,41,47,53}, X 3 = {3,9,15,21,27,34, 

40, 46, 52}, X 4 = {4, 10, 16, 22, 28, 33, 39, 45, 51}, X 5 = {5, 11, 17, 23, 29, 32, 38, 44, 50} and X 6 = 

r , „ (ft — l)(hk + k + 1) 

{6,12,18,24,30,31,37,43,49}. ^ +r = 244 + r for 1 < r < 6. 
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Lemma 2.3 Let h and k be two positive integers such that h is even and k > 3 is odd. 

Then there exists a k-equipartition P = {Xi, X 2 , ■ ■ ■ ,Xk} of X — [l,hk] such that ^ X r = 
(h — 1 )(hk + k + 1) 

— 1- r for 1 < r < k. Thus, ^2 P is a set of consecutive integers given by 



E p = ( /l - 1 )( /l fe + fc + 1 ) + [i )fc ]. 

Proof Let us arrange the set of integers X = {1, 2, 3, • • • , hk } in a h x k matrix A as given 
below. 



2 n + 1 



2 n + 2 



k — 1 k 
2k - 1 2k 
3k -1 3 k 



y (h — l)fc + l (h—l)k + 2 ■■■ hk — 1 hk J 

That is, A = ( aij)hxk where aij = (i — 1 )k + j for 1 < * < h and 1 < j < k. For 1 < r < k, 
define Y r = {a,; iT ./l < i < — } U {aj i fe_ r + 1 /— + 1 < i < h — 1}. Then 



22 Xr — 22 ai,r + 22 



Q'i,k-r -\- 1 



= 22,{(i - l)k + r} + 22 {(* - 1)^ + — r + 1} 



k(h - l) 2 + ft - ft - 2 



For 1 < r < k, define X r = l^.( r ) U {( h — 1 )k + 7r(r)}, where er and 7 r denote the per- 

{ k — 2r + 1 k— 1 

for 1 < r < 

_ 2 2 r +1 k + 1 2 and 7r ( r ) = 

for — - — < r < k 

2 2 ~ ~ 

! k _ ] 

2r for 1 < r < — - — 

h + 1 2 • Then 

2r — k for < r < k 

2 ~ ~ 

22 Xr = 22 Y a(r) + (h- 1 )k + 7T (r) 

k(h — l) 2 + h - k — 2 

= h <r(r) + (ft — l)fc + 7r(r) 



_ f M'.- 1)2 + l.-^2 + t-2r +1 + (A _ i )t + 2r fot 1Sr <tl 

£Xr = | t ('.-l)^ ft - t - 2 + 3t -f + l +(l ,- 1)t + 2 r - t for m<r<d°” 

(ft. — l)(hk + k + 1) 

simplification we get Y r = hr for 1 < r < k. Hence, P = 

(ft- l)(ftfc + k+ 1) M 




36 



P.Jeyanthi and P.Selvagopal 



Example 2.4 Let h = 6,k = 5 and X = [1,30]. Yi = {1,6,11,20,25}, F 2 = {2,7,12,19,24}, 

Y 3 = {3, 8, 13, 18, 23}, Y 4 = {4, 9, 14, 17, 22}and V 5 = {5, 10, 15, 16, 21}. By definition the parti- 
tion subsets are, X r = Ya( r ) U {( h — 1 )k + 7 r(r) for 1 < r < 5. X\ = {2, 7, 12, 19, 24, 27}, X 2 = 

{1, 6, 11, 20, 25, 29}, X 3 = {5, 10, 15, 16, 21, 26} X 4 = {4, 9, 14, 17, 22, 28} X 5 = {3,8,13,18,23,30}, 
Now, £ X r = ( /? ~ l)(hk + k+ 1) + r = 90 + rforl < r < 5- 



Lemma 2.5 If h is even, then there exists a k-equipartition P = {X 4 , X 2 , ■ ■ ■ ,Xk} of X = 

uch that Y 
h(hk + 1) 



[1 ,hk] such that J} X r = — — — — — - for 1 < r < k. Thus, the subsets sum are equal and is 



equal to 

Proof Let us arrange the set of integers X = {1, 2, 3, • • • , hk} in a hx k matrix A as given 
below. 



/ 



A = 



1 

n + 1 
2 n + 1 



2 • • • k — 1 k \ 

n + 2 • • • 2k — 1 2k 

2n + 2 • • • 3fc — 1 3 k 



y (h — 1 )k + 1 {h — 1 )k + 2 ■ ■ ■ hk — 1 hk J 



hxk 



That is, A = (a.ij)hxk where aij = (i — 1 )k + j for 1 < * < h and 1 < j < k. For 1 < r < k, 
define X r = {a.j )r /l <i< |} U {ai t k- r + l/f + 1 < i < h — 1}. Then 



& i,r H - ^ ^ ^i,k-r -\- 1 



2=1 

h 



2=4 + 1 



= “ 1)^ + r ) + E {(* — l)fc + k - r + 1} = 



h(hk + 1) 






i=# + l 



Thus, the subsets sum are equal and is equal to 



h(hk + 1) 



□ 



Example 2.6 Let h = 6, k = 5 and X = [1,30]. Then the partition subsets are X 4 = 
{1,6,11,20,25,30}, X 2 = {2,7,12,19,24,29}, X 3 = {3,8,13,18,23,28}, X 4 = {4,9,14,17, 

22, 27} and X 5 = {5, 10, 15, 16, 21, 26}. Now, £X r = h( ' hL + ^ = 93 for 1 < r < 5. 



Lemma 2.7 Let h and k be two even positive integers and h > 4. If X = [1, hk+ 1] — {— + 1} , 

_ h 2 k + 3h — k — 2 

there exists a k-equipartition P = {X 4 , X 2 , • • • , X*,} of X such that J} X r = hr 

h 2 k + 3h — k — 2 

for 1 < r < k. Thus J}P is a set of consecutive integers h [1, k\. 



Proof First we prove this lemma for h = 2 and we generalize for any even integer h > 4. 



Case 1: h = 2. 
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X = [1, 2fc + 1] — {§ + !}• For 1 < r < k, define 



{f + 1 — r, fc + 1 + 2 r} for 1 < r < 

{f + 2-r,2r} for f + 1 < r < fc 



Hence, Y X r = qy + 2 + r for 1 < r < k. 
Case 2: h > 4 



Let y = [1, 2k + 1] — {— + 1} and Z = [2fc + 2, hk+ 1]- Then X = Y U Z. By Case 1, there 
exists a fc-equipartition Pi = {Yi, Y 2 , • • • , Yfc} of Y such that 



^ 

Y r = — + 2 + r for 1 < r < k 



Since h — 2 is even, by Lemma 2.5, there exists a fc-equipartition 

r 2 = {Z}, Z', • • • , Z' k } of [1, (h - 2 )k\ such that £ Z' r = ^ ~ 2fc + ^ 



P 2 = {Z}, Z 2 , • • • , Z}} of [1, (h — 2)k\ such that Y Z' r = - for 1 < r < k. 

Adding 2fc+l to [1, (h— 2)fc], we get a fc-equipartition P 2 = {Zi, Z 2 , • • • , Z*,} of Z = [2fc+2, /ifc+ 

(h _ 2)(hk — 2k + 1) 

1] such that Y Z r = (h — 2) (2 k + 1) H - for 1 < r < fc. Let X r = Y r U Z r 



1] such that Y Zr = (h — 2) (2 fc + 1) + 
for 1 < r < fc. Then, 



for 1 < r < fc. Let AT = Y r U Z r 



^X r = J2 Y r u J2 Zr 

h 2 k + 3h — fc — 2 



+ r for 1 < r < fc. 



tt „ . . h 2 k + 3h — k — 2 

Hence, 2^ P is a set of consecutive integers h [1, fcj. U 

Example 2.8 Let h = 6, fc = 6 and X = [1,37] — {4}. Then the partition subsets are X\ = 
{3, 9, 14, 20, 31, 37}, A 2 = {2, 11, 15, 21, 30, 36}, X 3 = {1, 13, 16, 22, 29, 35}, X 4 = {7, 8, 17, 23, 
28, 34}, X 5 = (6, 10, 18, 24, 27, 33} and X 6 = {5, 12, 19, 25, 26, 32}. Now, 

\ ^ h 2 k + 3 h — fc 2 

2^ = + r = 113 + r 

for 1 < r < 6. 

fc 

Lemma 2.9 Let h and k be two even positive integers. If X = [1, hk + 2] — {1, — + 2} , there 

jjn | fc 2 

exists a k-equipartition P = {X 4 ,X 2 , ■ ■ • , X *,} of X such that Y X r = 1- r for 

fc | 5/i fc 2 

1 < r < fc. Thus a set of consecutive integers 1- [1, fc]. 

Proof First we prove this lemma for h = 2 and we generalize for any even integer h > 4. 
Case 1: h = 2 

fc 

X = [1, 2fc + 2] — {1, — + 2}. For 1 < r < fc, define 



{ fc fc 

{ — + 1 — r, fc + 2 + 2r} for 1 < r < — , 

3 fc 

{ — + 3 — r, 2r + 1} for — + 1 < r < fc. 
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Hence, Y X r = — + 4 + r for 1 < r < fc. 

Case 2: h > 4 

k 

Let Y = [1, 2k + 2] - {1, - + 2} and Z = [2k + 3, hk + 2}. Then X = Y U Z. By Case 1, 
there exists a fc-equipartition Pi = {Yi,Y 2 , ■ ■ ■ , Yk} of Y such that 

x 3A: 

y " Y r = — + 4 + r for 1 < r < k (2) 

Since h — 2 is even, by Lemma 2.5, there exists a fc-equipartition 

P 2 = {Z[,Z 2 , • • • , Z' k } of [1, (h — 2 )k\ such that Y Z' r = — — ^ — for 1 < r < k. 

Adding 2fc+2 to [1, (h— 2)fc], we get a fc-equipartition P 2 = {Z\, Z 2 , • • • , Z ^ } of Z = [2fc+3, hk+ 

(h — 2)(hk — 2k + li 

2] such that Z r = [h — 2) (2 k + 2) H for 1 < r < k. Let X r =Y r U Z r 

for 1 < r < fc. Then, 



X r = J2 Y r U J2 Zr 
h 2 k + 5h — fc — 2 



+ r for 1 < r < fc. 



_ . . h 2 k + 5h — k — 2 

Hence, Y 1S a se t or consecutive integers b [1, fcj. 



□ 



Example 2.10 Let h = 6, fc = 6 and X = [1,38] — {1,5}. Then the partition subsets 
are = {4,10,15,21,32,38}, X 2 = {3,12,16,22,31,37}, X 3 = {2,14,17,23,30,36}, X 4 = 

{8, 9, 18, 24, 29, 35}, A 5 = {7, 11, 19, 25, 28, 34} and X 6 = {6, 13, 20, 26, 27, 33}. Now, £ X r = 
h 2 k + 5h— fc — 2 

b r = 119 + r for 1 < r < 6. 



§3. Main Results 



Definition 3.1(Edge amalgamation of a finite collection of graphs, [1]) For any finite collection 
( Gi,UiVi ) of graphs Gi, each with a fixed edge UiVi, Carlson [1] defined the edge amalgamation 
£dgeamal{(Gi,UiVi)} as the graph obtained by taking the union of all the Gi’s and identifying 
their fixed edges. 

Definition 3.2( Generalized Book) If all the Gi’s are cycles then £dgeamal{(Gi,UiVi)} is 
called a generalized book. 

Theorem 3.3 Let H be a 2-connected (p, q) simple graph. Then the edge amalgamation 
8dgeamal{(Hi,UiVi)} of any finite collection {Hi,UiVi} of graphs Hi, each with a fixed edge 
UiVi isomorphic to H is H -supermagic for all values of p and q. 

Proof Let {H}, tqrij} be a collection of n graphs Hi, each with a fixed edge UiVi and 
isomorphic to a 2-connected simple graph H . 

Let G = £dgeamal{(Hi, UiVi)} with vertex set V and edge set E. Note that |H| = n(p — 2) + 2 
and \E\ = n(q — 1) + 1. Let Hi = {Vi, E,) for 1 < i < n. Label the common edge of G as 
e = W\W 2 . Let V( = Vi — {wq, w 2 } and E[ = E — {e} for 1 < i < n. 
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Case 1: n is odd 

Subcase (i): p is even and q is odd 

Since p — 2 and q — 1 are even by Lennna 2.5 there exists n-equipartitions P( = {A(, A 2 , 
• • • , X' n } of [1, ( p — 2)n] and P 2 = {Y{, Y 2 , • • • , Y^} of [1, (q — l)n] such that 

y _ (P ~ 2 )(P n - 2n + 1) y- , _ (q~ 1 )(qn -n+ 1) 

2 ’ ^ 2 

Add 2 to each element of the set [1, (p— 2)n] and (p— 2)n+3 to each element of the set [1, (q— l)n]. 
We get n-equipartitions Pi = {Ai, A 2 , ■ ■ ■ , X n } of [3,pn — 2n + 3] and P2 = {Yi, Y 2 , ■ ■ ■ , Y n } 
of [pn — 2n + 4, {p + q — 3 )n + 3] such that 
(p — 2 ){pn — 2n + 1) 



Y,Xi = {p- 2 ) 2 - 



Define a total labeling f : V L) E — 

f{w 1 ) 
/(e) 
f(V') 

f(E') 



Y. Yj = (q— l)(pn — 2n + 3) - 
[1, (p + <7 — 3)n + 3] as follows: 

= 1 and /(w 2) = 2. 

= p?r — 2n + 3. 

= A,; for 1 < * < n. 

= for 1 < * < n. 



{q - l)(gn - n + 1) 



Then for 1 < * < n, 

fm 



fM + /(«*) + /(e) + y f(V') + y f(E') 

= f( w i ) + / (W 2 ) + /(e) + y A' + y Y/_ i+1 

= n(p + g)2+p 2 +g + 5(n ~ 1 ) -(n-l)(2p + 3 g ) 

= constant. 

Since iJj = H for 1 < i < n, G is ff-supermagic. 

Subcase (ii): p is odd and q is even 

Since p — 2 and q—1 are odd, by Lemma 2.1 there exists n-equipartitions P'i = {X[ . A./ • • • , 
x ' n } of I 1 , ( P ~ 2)n] and P' 2 = {Y{, Y 2 , • • • , Y/} of [1, (q - 1 )n] such that 

(p-3)(pn-n+l) ( 5 - 2 )( 5 n+ 1) , . 

y^ = 2 +*• = 2 + 

for 1 < i < n. Add 2 to each element of the set [1, (p — 2)n] and (p — 2)n + 3 to each element 
of the set [1, (q — l)n]. We get n-equipartitions Pi = {Ai, A 2 , • • • , A„} of [3,pn — 2n + 3] and 
P 2 = {Yi, Y 2 , • • • , Y n } of [pn — 2n + 4, (p + q — 3)n + 3] such that 

/ y x i — (l 3 2)2-| I ^ ^ * — W - l)(P n ~ 2n + 3) H - ht 

for 1 < i < n. Define a total labeling / : V U E — » [1, {p + <7 — 3)n + 3] as follows: 

/(■uq) = 1 and f(w 2 ) = 2. 

/(e) = p?r — 2n + 3. 

f(V. '() = X i for 1 < i < n. 
f{E[) = Y„_j + i for 1 < i < n. 
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Then for 1 < * < n, 

f(H t ) = f( Wl ) + f( W2 ) + f(e) + ^2f(V')+Y,f(E') 

= f( w 1) + f( w 2) + /(e) + Y. X[ + Y Yn_i + 1 
= n( P + 9 )2 + P + g + 5(n ~ 1) __ ( n _ l)(2p + 3g) 

= constant. 

Since Hj = H for 1 < i < n, G is Lf-supermagic. 

Subcase (iii): p and q are odd 

Since p — 2 is odd, by Lemma 2.1 there exists an n-equipartition P( = {X[, X 2 , • • • , X' n } 

( O ) ( 7777, Tl — l - 1 ) 

of [1, {p — 2)n] such that X[ = + i for 1 < i < n. Since q — 1 is even and 

n is odd, by Lemma 2.3 there exists an n-equipartition P 2 = {Y{, Y 2 , ■ ■ ■ , Y„} of [1, (q — l)n] 

such that V Y- = — — — — — - + i for 1 < i < n. Add 2 to each element of the set 
[1 ,{p — 2 )n] and (p — 2 )n + 3 to each element of the set [1, (q — l)n]. We get n-equipartitions 
Pi = {Xl, X 2 , • • • , X n } of [3,pn-2n+3] andP 2 = {Yx,Y 2 , ■ ■ ■ , Y n } of [pn-2n+4, (p+g-3)n+3] 
such that 

EX. = (p-2)2 + (P-3H"P-" +1) +< . 

E« = (q - l)(rn - 2 n + 3 ) + + j 

for 1 < i < n. Define a total labeling / : V U E — » [1, {p + q — 3 )n + 3] as follows: 

f{w r) = 1 and f(w 2 ) = 2. 

/(e) = pn — 2n + 3. 

f(y.) = Xi for 1 < * < n. 

/(£)■) = Y n _ i+ 1 for 1 < i < n. 

Then for 1 < * < n, 

f (Hi) = f( Wl ) + f( W2 )+f(e)+j2fW)+j2.n E, i) 

= K W 1 ) + / ( u, 2) + /(e) + Y X'i + ^2 ^n-i+l 

n(p + q) 2 + p + q + 5(n- 1) 

= 2 (n- l)(2p+3g) 

= constant. 

Since Hi = H for 1 < i < n, G is Lf-supermagic. 

Subcase (iv): p and q are even 

Since — 2 is even and n is odd, by Lemma 2.3 there exists an n-equipartition P( = 
{X[, X 2 , • • • , X 4} of [1, (p — 2 )n] such that = ~ — — — n + l) ^|_ j f or 1 < ^ < n _ 

Since g — 1 is odd, by Lemma 2.1 there exists an n-equipartition f 2 = {Y(,Y 2 ,--- ,Y. ][} of 
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[1, (q — l)n] such that Y( = — — ^ + i for 1 < * < n. Add 2 to each element of the 

set [1, (p—2)n] and (p— 2)n + 3 to each element of the set [1, (q— 1 )n]. We get n-equipartitions 

Pi = {Xi, X 2 , ■ ■ ■ ,X n } of [3,pn-2n+3] andP 2 = {Yx,Y 2 , ■ ■ ■ ,Y n } of [pn-2n+4, (p+q-3)n+3] 
such that 

= (p-2)2+ (tlH£pi±i) +j> £ y< = + 3 ) + (9 — 2 )fan +1 ) + . 

for 1 < i < n. Define a total labeling / : V U E — » [1, (jp + q — 3 )n + 3] as follows: 

f(wi) = 1 and f(w 2 ) = 2. 

/(e) = pn — 2n + 3. 

f(V') = X,: for 1 < * < n. 

f{Ei) = Yn-i + 1 for 1 < i < n. 

Then for 1 < * < n, 

JW = /( w 0+/(n; 2 )+/(e) + ^/(y/)+^/(S') 

= f( w i) + f ( w 2 ) + /(e) + X< + ^ K-i+i 

= n(p + g)2+P + g + 5(? ^ 1) ^(n^l)(2p+3 g ) 

= constant. 

Since H) = 1L for 1 < i < n, G is H-supermagic. 

Case 2: n is even 

Subcase (i): p is even and q is odd 

The argument in Subcase(i) of Case (1) is independent of the nature of n. Hence we get 
G is H-supermagic. 

Subcase (ii): p is odd and q is even 

The argument in Subcase(ii) of Case (1) is independent of the nature of n. Hence we get 
G is H-supermagic. 

Subcase (iii): p and q are odd 

Since p — 2 is odd, by Lemma 2.1 there exists an n-equipartition P( = {X[, X' 2 , • • • , X' n } 

of [1, (p — 2)n] such that -A) = — — — — n + 1) _|_ j f or i < i < n _ Since q — 1 and n 
are even, by Lemma 2.7 there exists an n-equipartition P 2 = {Y{, Y 2 , ■ ■ ■ , Y^} of [1, (q — l)n + 

1] - + !} such that £ Y! = (g ~ 1 )" n + 3 jg ~ ^ ~ n ~ 2 + i for 1 < i < n. Add 2 to each 

element of the set [1, (p — 2 )n] and (p — 2 )n + 2 to each element of the set [1, (q — l)n]. We 
get n-equipartitions Pi = {Xi,X 2 , ■ ■■ , X n } of [3 ,pn — 2n + 3] and P 2 = {Yi,Y 2 , ■ ■ ■ , Y n } of 

71 

[pn — 2n + 3, (p + q — 3 )n + 3] — {{p — 2 )n + — + 3} such that 

V- ^ , (P~3)(pn-n+ 1) , . 

/ J Xi — (p — 2)2 H h 
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v^,, , ... „ . (q — l) 2 n + 3(q — 1) — n — 2 

2ZYi = (q- 1 )(pn - 2 n + 2) + h t 

for 1 < i < n. Define a total labeling / : V U E — » [1, (p + q — 3 )n + 3] as follows: 

f{w i) = 1 and f{w 2 ) = 2. 

Tl 

/( e ) = (p - 2)n + - + 3. 

f(V-) = Xi for 1 < i < n. 
f(E'i) = Y n _ i+ 1 for 1 <i<n. 

Then for 1 < * < n, 

f(Hi) = f( Wl )+f(w 2 ) + f(e)+Y J .f( v l)+Y,f( E ^ 

= f( w l) + f( w 2 ) + /( e ) + X/ ^ ^n-z+l 

n(p + g) 2 +p + g 

= 2 (n- l)(2p + 3<?-3) 

= constant. 

Since = H for 1 < i < n, G is iL-supermagic. 

Subcase (iv): p and q are even 

Since p — 2 and n are even, by Lemma 2.9 there exists an n-equipartition Pi = {A/, X 2 , 

■ ■ ■ , X n } of [1, (p - 2)n + 2] - {1, | + 2} such that £ X, = (p ~ 2 ) 2n + 5 (p ~ 2) ~ n ~ 2 + i for 
1 < i < n. 

Since g — 1 is odd, by Lemma 2.1 there exists an n-equipartition P 2 = {Y{, K[, ■ ■ ■ , Y^} of 
[1, (q — l)n] and Y( = ( ^ q ~ 2 ^ qn+1 ' > -(- i for 1 < i < n. Add (p — 2 )n + 3 to each element of the 
set [1, (q— l)n]. We get an n-equipartition P 2 = {Yi, Y 2 , ■ ■ ■ , Y n } of [pn — 2n + 4, (p + q — 3)n + 3] 
such that Yi = (q — 1 )(pn — 2n + 3) + + jforl<i<n. Define a total labeling 

/ : V U E — > [1, (p + g — 3)n + 3] as follows: 

Tl 

f(wi) = 1 and f(w 2 ) = - + 2. 

/(e) = pn — 2n + 3. 

f(V-) = Xi for 1 < * < n. 
f(E’i) = Y n _ i+ 1 for 1 < i < n. 

Then for 1 < * < n, 

f(Ei) = f(w 1 )+f(w 2 ) + f(e)+Y J f(Vn+Y.f( E i) 

— f( w 1) +7(^2) + /( e ) + x] + r. ^-j+i 

n(p + g) 2 +p + g 

= 2 ( n — l)(2p + 3g — 3) 

= constant. 

Since Hj = H for 1 < i < n, G is iL-supermagic. 
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Hence, the edge amalgamation £dgeamal{(Hi,UiVi)} of any finite collection of 

graphs Hj , each with a fixed edge UiVi and isomorphic to H is ii-supermagic for all values of 
p and q. □ 

Illustration 3.4 Let Hi 1 H 2 ,Hz 1 H± and IZ 5 be five graphs isomorphic to the wheel W 4 = 
C 4 + K\ and their fixed edges given by dotted lines. Then the Edge amalgamation graph 
£dgeamal{(Hi,UiVi)} of the given collection is WVsupermagic with supermagic sum 303. 




Fig.l 

Illustration 3.5 Let iZi, # 2,-^3 and ZZ 4 be four graphs isomorphic to H and their fixed edges 
given by dotted lines. Then the Edge amalgamation graph £dgeamal{(Hi, 11^)} of the given 
collection is iZ-supermagic with supermagic sum 300. 




Fig -2 
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Definition 3.6(Book with m- gon pages) Let n and m be any positive integers with n > 1 and 
m > 3 . Then, n copies of the cycle C m with an edge in common is called a book with n m-gon 
pages. That is, if {Gi,UiVi} is a collection of n copies of the cycle C m each with a fixed edge 
UiVi then £dgeamal{(Gi, UiVi)} is called a book with n m-gon pages. 

A book with 3 pentagon pages is given below. 




Fig. 3 

Corollary 3.7 Books with n m-gon pages are C m -supermagic for every positive integers 
n > 1 and m > 3 . 



Illustration 3.8 CVsupermagic covering of a book with 3 hexagon pages is given below. The 
supermagic sum is 167. 

14 




Fig. 4 

Theorem 3.9 Let Hi = K\y~ with vertex set V(Hi ) = {vi,Vi r : 1 < r < k} and the edge set 
E{Hi) = {viVi r : 1 < r < k} where 1 < i < k and G be a graph obtained by joining a new vertex 
w with v\\, V 21 , • • • , Vki- Then G is A'+fc- supermagic. 

Proof Let V) = {vi,Vi r : 1 < r < k} and Ei = {VjVj r : 1 < r < k} for 1 < i < k. 
Then the vertex and edge set of G = ( V , E) are given by V = ujL 1 T'j U {u} and E = ujL 1 E i U 
{uui, VV 2 , ■ ■ ■ , Wk}- Also \V\ = fc 2 + k + 1 and \E\ = k 2 + k. Let Vfc+i = {w, Vi, V 2 , ■ • • , Vk} 
and Ek+i = {wui, wv 2 , ■ ■ • , wvk} and Hk + 1 = (Vfc+i, Ek+ 1 ) be the graph with vertex set 14+1 
and edge set Ek+i- Note that any edge of E belongs to at least one of the subgraphs Hi for 
1 < i < k + 1. Since Hi = AT+fc for l<i<k + l, G admits a A'i ^-covering. 
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Case 1: k is odd 

Since k + 1 is even, by Lemma 2.3, there exists a fc-equipartition P = {Xi, X 2 , ■ ■ ■ , X k } of 
X = [1, ( k + 1 )k\ such that 



E x ' = 



k(k + l) 2 



+ i for 1 < i < k 



( 3 ) 



It can be easily verified from the definition of X r in Lemma 2.3 that 



k + 1 



for 1 < r < k, where a denotes the permutation of {1, 2, • • • , k} given by 
er(r) = 



— 1 k + a(r) £ X r 



' k - 2r + 1 k - 1 

for 1 < r < 



2 — — 2 

3fc — 2r + 1 k+ 1 

for — - — < r < k 



/ k + 1 \ 

Construct X k +\ = { f — — 1 J k + cr(r) : 1 < r < k} U {k 2 + k + 1}. 



k r 



E Xk + 1 = E 



r — 1 
7-2 



k + 1 



— 1 k + er(r) 



+ A: 2 + k + 1 



k 2 (k- 1) k(k + 1) 2 

v ; 1 - — +k 2 + k + 1 



k(k + l) 2 



■ + 



+ fc + l 



From (1) and (2) we have 



E x * = 



k(k + l) 2 



+ i for 1 < i < k + 1 



( 4 ) 



( 5 ) 



As k is odd, by Lemma 1, there exists a k + 1-equipartition Q' = {Y{, K], • • • , +1 } of the 

set Y = [1, k(k + 1)] such that = ~ — + * for 1 < * < k + 1. 

Adding k 2 + k + 1 to [1, k(k + 1)], we get a k + 1-equipartition Q = {Yi,Y 2 ,- ■ ■ , Ffe+i} of 

the set Y = [k 2 + k + 2, 2 k 2 + 2k + 1] such that 



E y i = fc ( fc2 + k + 1) 



(fc-l)[(fc + l) 2 + l] 



+ * for 1 < i < k + 1 



(6) 



Define a total labeling / : V U E — » [1, 2 k 2 + 2k + 1] as follows: 

(i) f(w) = k 2 + k + 1. 

' k + 1 \ 

1 ) k + a(r) for 1 < i < k + 1. 



(ii) f{Vi) = Xi with f(vn) = 

(in) f{Ei) = Y k+2 -i for 1 < i < k + 1. 
Then for 1 < i < k + 1, 



/(Hi) = E f(Vi ) + E / = E + E 

4 k 3 + 5fc 2 + 5k + 2 



2 
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which is a constant. Since Hi = K\ j. for 1 < i < k + 1, G is Ayfc-supermagic. 
Case 2: k is even 



Since k + 1 is odd, by Lemma 1, there exists a fc-equipartition P = {X 1: X 2 ,- ■ ■ , A*,} of 
X = [1, (k + 1 )k\ such that 

k(k + l) 2 



E x ' = 



+ i for 1 < i < k 



( 7 ) 



It can be easily verified from the definition of X r in Lemma 2.3 that 
k 



( 



k + 2 



V 2 



— 1 ) k + r € X r for 



i<r< 2 , 



/ k \ k / k + 2 \ 

and ( — — l \ k + r & X r ior — + 1 < r < k. Construct X}- + \ = { ( — 1 J k + r : 



k 



k 



1 < r < — } U { — — life + r : — + 1 < r < fc} U {fc 2 + k + 1}. 



J2 x k+i - E 



r— 1 
^2 



/ k + 2 . 

( — 2 1 I k + r 



k r 



+ E 



H-i 



— 1 ) k + r\ 



+ k 2 + k + 1 



fc 2 (fc — 1) k(k + 1) 2 

— Er + -2— — - + k 2 + k + 1 



k(k + l) 2 



+ fc + l 



(8) 



From (5) and (6) we have 



^ x . = k (k+l) 2 +i for + i (9) 

As k is even, by Lemma 2.3, there exists a k + 1-equipartition Q' = {F/,1^,--- ,L^ +1 } of 
the set Y = [l,fc(fc + 1)] such that E^7 = +1 ^ + i for 1 < i < k + 1. Adding 

k 2 + k + 1 to [l,fc(fc + 1)], we get a fc + 1-equipartition Q = {Yi,Y 2 ,- ■ ■ ,Yfe+i} of the set 
Y = [k 2 + k + 2, 2 k 2 + 2k + 1] such that 

Y,Yi = k(k 2 + k+ l)+ {k ~ 1)[(fc + 1)2 + 1] + i for 1 < i < fc + 1 (10) 

Define a total labeling / : V U E — + [1, 2 k 2 + 2k + 1] as follows: 

(i) f(w) = k 2 + k + 1. 

(ii) f(Vi) = Xi with f(vi i) = - 1^ k + r for 1 < * < ^ and f(v a ) = - 1 ^ k + r 

for — + 1 < i < k. 

(in) f(Ei) = Yk+ 2 -i for 1 < i < k + 1. 



Then for 1 < i < k + 1, 



fm = E f(Vi) + Ef(E t ) 
= E Xi + E Yk+ 2 -i 

4 fc 3 + 5fc 2 + 5k + 2 



2 
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Abstract: For a give finite connected graph r, a group H of automorphisms of T and a finite 
group A, a natural question can be raised as follows: Find all the connected regular coverings 
of T having A as its covering transformation group, on which each automorphism in H can 
be lifted. In this paper, we classify all the connected regular covering graphs of the cube 
satisfying the following two properties: (1) the covering transformation group is isomorphic 
to the elementary Abelian p-groups; (2) the group of fibre-preserving automorphisms acts 
edge-transitively. 

Key Words: Connected graph, graph covering, cube, Smarandachely covering, regular 
covering. 

AMS(2010): 

§1. Introduction 

All graphs considered in this paper are finite, undirected and simple. For a graph F, we use 
K(r), E(T), A(F) and Aut(r) to denote its vertex set, edge set, arc set and full automorphism 
group, respectively. For any v G C(r), by N(v) we denote the neighborhood of v in T. For an 
arc ( u,v ) G A(r), we denote the corresponding undirected edge by uv. 

A graph T is called a covering of the graph T with projection p : T — > T if there is a 
surjection p : K(r) — > E(F) such that p\n(v) '■ N(v) —> N(v) is a bijection for any vertex 
v € E(F) and v G p^ 1 (u). The graph T is called the covering graph and T is the base graph. 
A p : T — » r is called to be a Smarandachely covering of T if there exist u,v G V(r) such that 
|p -1 (w)| ^ |p _1 (i;)|. Conversely, if |p _1 (t;)| = n for each v G C(F), then such a covering p is 
said to be n-fold. Each p -1 (y) is called a fibre of T. An automorphism of T which maps a fibre 
to a fibre is said to be fibre-preserving. The group K of all automorphisms of T which fix each 
of the fibres setwise is called the covering transformation group. A covering p : T — > T is said 
to be regular (simply, A-covering) if there is a subgroup A of K acting regularly on each fibre. 
Moreover, if T is connected, then A = K. 

A purely combinatorial description of a covering was introduced through a voltage graph 
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2 Rec.eived December 23, 2010. Accepted February 23, 2011. 
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by Gross and Tucker [4,5] and also a very similar idea was appeared in Biggs’ monograph [1,2]. 
Let A be a finite group. An ( ordinary ) voltage assignment (or, A-voltage assignment ) of T is 
a function <f> : A(T) — > A with the property that (j)(u,v ) = (^{v^u)^ 1 for each ( u,v ) € A(F). 
The values of <fi are called voltages, and A is called the voltage group. The graph T x^ A 
derived from cf> is defined by F(T A) = V(T) x A and ^(T A) = {((w, g), (v,<fi(u,v)g)) | 
( u,v ) £ E( T), g £ A}. Clearly, the graph T x^ A is a covering of the graph T with the first 
coordinate projection p : T x ^ A — > T, which is called the natural projection. For each u £ V(r), 
{(u,g) | g £ A} is a fibre of T x^ A. Moreover, by defining ( u,g ') 9 := ( u,g'g ) for any g £ A 
and ( u,g ') £ V(T x^A), A can be identified with a fibre-preserving automorphism subgroup of 
Aut(T x^ A) acting regularly on each fibre. Therefore, p can be viewed as a A-covering. Given 
a spanning tree T of the graph T, a voltage assignment <p is called T-reduced if the voltages 
on the tree arcs are identity. Gross and Tucker ([4]) showed that every regular covering of a 
graph T can be derived from an ordinary T-reduced voltage assignment </> with respect to an 
arbitrary fixed spanning tree T of T. 

An automorphism a of T can be lifted to an automorphism a of a covering graph T if 
pa = ap, where p is the covering projection from T to T. We say a subgroup of H of Aut(T) 
can be lifted if each element of H can be lifted. 

For a given finite connected graph T, a group H of automorphisms of T and a finite group 
A, a natural question can be raised as follows: Find all the connected regular coverings of F 
having A as its covering transformation group, on which each automorphism in H can be lifted. 
In [3], Du, Kawk and Xu investigate the regular coverings with A = Z", an elementary Abelian 
group and get some new matrix-theoretical characterizations for an automorphism of the base 
graph to be lifted, and as one of the applications, they gave a classification of all connected 
regular coverings of the Petersen graph with the covering transformation group Z ™ , whose 
fibre-preserving automorphism subgroup acts arc-transitively. 

In this paper, we use the same method to classify all the connected regular covering graphs 
of the cube satisfying the following two properties: (1) the covering transformation group is 
isomorphic to the elementary Abelian p-group; (2) the group of fibre-preserving automorphisms 
acts edge-transitively. 

The cube is identified with the graph T as shown in Figure (a). Fix a spanning tree T in 
T as shown in Figure (b). Let V\ = {2, 6, 4, 7, 3, 5}. Then the induced subgraph r(Vj) is a line 
as shown in Figure (c). 



5 2 5 2 




Figure (a): the graph T; (b) a spanning tree T of T. 
2 6 4 7 3 5 



Figure (c): the induced subgraph F(Fi) 
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First, we introduce five families of covering graphs F x ^ Z™ of cube F by giving a T-reduced 
voltage assignment 0. Since 0 is T-reduced, we only need to give the voltages on the cotree arcs 
(see Figure (c)). Let t denote the transposition of a matrix. 

(1) X(2, l):=r Z 2 , where fo 6 = <t> 47 = 035 = 1 and fo e = 0 37 = 0, 

X(p, 1):=F x^ Z p , where p = 3 or p = l(mod 6), foe = for = 1, foe = foe = 1+ 'f^ and 
047 = 0. 



(2) X(p, 2):=r x^ Z%, where foe = 037 = (0, 1), foe = 035 = (1,0) and fo 7 = (0,0). 

(3) X(p,3):=F x^, Z®, where ((foef , {foif ■> {fosf) = J 3 x 3 , foe = (0, 1,-1) and fo 7 = 

(-1,1,0). 



(4) X(p, 4):=F x^ Z^, where p 



and 035 = ( 



1 - 



- 1 , 



= 3 or p = l(mod 6), ((foef, (foeY, (047 )*, (037)*) = ^4x4 
l + \/^3 1- V=3. 

2 ’ 2 ’ 



(5) X(p, 5):=F x 0 Z®, where ({foeY, {foe)\ (047 )‘, (037)‘, (03s) 4 ) = 4x5- 



Now we state the main theorem of this paper. 

Theorem 1.1 Let T be a connected regular covering of the cube T whose covering transformation 
group is isomorphic to Z ™ and whose fibre-preserving automorphism subgroup G acts edge- 
transitively on T. Then, T is isomorphic to one of the graphs in (l)-(5) listed above. Moreover, 
for the graphs X(2, 1), X(3, 1), X(p, 2), X(p, 3), X(3, 4) and X{p, 5), Aut(r) can be lifted, and 
so they are 2-arc-transitive; and for the graphs X(p, 1) and X(p, 4) for p = l(mod 6), the 
subgroup isomorphic to A4XZ2 can be lifted but Autr cannot, and so they are arc-transitive, in 
particular, all these five families of graphs are vertex transitive. 

§2. Algorithm for the Lifting 

In this section, we present the algorithm given by Du, Kwak and Xu [3], which deals with 
the lifting problem for regular coverings of a graph F whose covering transformation group is 
elementary Abelian. 

Throughout this section, let T be a connected graph and let T = V x $ Z'f be a connected 
regular covering of the F. The voltage group Zf will be identified with the additive group of 
the n-dimensional vector space V{n,p) over the finite field GF(p). Since F is connected, the 
number /3(F) = |T(F)| — | V (F)| + 1 is equal to the number of independent cycles in F and it is 
referred to as the Betti number of F. 

Let V(r) = {0, 1, . . . , |V(r)| — 1}. For any arc (i,j) € A(r), by foj we denote the voltage 
on the arc, which is identified with a row vector in V(n,p). An arc (i,j) G A(r) is called 
positive (resp. negative) if i < j (resp. i > j). For each subset F in E( F), we denote the 
set of its arcs, positive arcs and negative arcs by A(F), A + {F ) and A~{F), respectively, so 
that A(F) = A + (T) U A~(F). In particular, if F = E(T), we prefer to use A(r), A + (F) and 
A"(r) to denote A(F), A + (F) and A _ (T), respectively. Fix a spanning tree T in the graph 
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r and let Eq = E(T), so that |.E(F) \ Eq\ is the Betti number /3(F) of the graph F. From 
now on, the voltage assignment <fi is assumed to be T-reduced. By the connectedness of T, 
{4>ij | (i, j) € H+(I3(r) \ E 0 )} generates the group Z™. Flence, we get n < /3(F). 

Let Ei be a set of edges such that </>a+(Ei) = {fiij | (b j) €E A + (Ei)} is a basis for the 
vector space V(n,p), and let E 2 = E(T)\ ( E 0 U E\). Let 

\E 0 \ = k, \Ei\ = n and | E 2 \ = m, (1) 



so that the number of edges in T is k + n + m. 

Let $o (resp. <f>i and $ 2 ) be the k x n (resp. nxn and to x n) matrix with the row vectors 
< f>ij for the arcs (i,j) in A + (E 0 ) (resp. A + (Ei) and A + (E 2 )), according to a fixed order of the 
positive arcs. Since the row vectors of $1 form a basis for V (n,p), there exists an to x n matrix 
M, called a voltage generating matrix of </>, such that 

$2 = 1. ( 2 ) 



Let 



$ = 



( $0 N 

, 



V $ 2 y 



( 3 ) 



which is a ( k+n+m ) x n matrix over GF(p), called a voltage ( assignment ) matrix corresponding 
to the voltage assignment </>. If we take 4>a+(e 1 ) so that $0 = 0 and $1 = I nxn > the nxn identity 
matrix, then $ is called a reduced form or a T-reduced form of the voltage assignment matrix 
$. From now on one may assume that $ is in a reduced form without loss of any generality. 

Let V = V(k + n + m,p) be the ( k + n + TO.)-dimensional row vector space over the field 
GF(p). Hereafter, we denote a vector v in V by (v 0 ,vi,v 2 ) € Z£ ® Z” ® Z” 1 , where the 
coordinates of the vector v 0 (resp. Vi and v 2 ) are indexed by arcs in A + (E 0 ) (resp. A + (E\) 
and A + (E 2 )), according to the same order of row vectors in $0 ($1 and $ 2 )- 

Given a graph T, its spanning tree T, and a positive cotree arc ( u,v ), there is a unique 
path from v to u in T which is denoted by [v, ■ ■ * , u]. We call the closed walk ( u , [v, ■ ■ • , m]) the 
fundamental cycle belonging to ( u , v), and denote it by C(u, v ; T). There are n + m fundamental 
cycles in T, where n + to is the Betti number of T. 

Given a graph T and its spanning tree T , we keep the same order for positive arcs as the 
order of row vectors of the voltage matrix <F. For each positive cotree arc (it, v), let be the 
fc-dimensional row vector over GF(p) whose (i, j)-coordinate pfj indexed by the positive tree 
arc (i, j) of the given order is defined as follows: 



TO 



1 if (i,j) is in C(it, v;T), 
— 1 if (j, i) is in C(u,v;T), 
0 otherwise. 



( 4 ) 



Let P be the (n + m) x k matrix whose row vectors are p u,v , indexed by the positive cotree 
arcs (w, i>) of the given order. We call P the incidence matrix for the fundamental cycles of 
the graph T with respect to the tree T. 
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Now we state the algorithm for solving lifting problem for the connected regular coverings 

of a graph F whose covering transformation group is elementary Abelian. 

(1st) Choose a fixed spanning tree T in F and write down the arcs in A + (Eq), A + (E\) and 
A+{E 2 ) in a certain order so that <f>o = 0, $1 = I n xn and <f> 2 = M. 

(2nd) Calculate the incidence matrix P for the fundamental cycles of T with respect to T. 

(3rd) Assume that the voltage generating matrix M = ( aij) mxn , where the entries a,y are 
unknowns. Let A = ((—M,I mxm )P,—M,I mxrn ), whose columns are indexed by the 
arcs in A + (Eq), A + (E\), A + (E 2 ) according to the given order. We call the matrix A 
the discriminant matrix for a lift of </>. For convenience, we write Ao = (— M, I mxm )P 1 
Ai = — M and A 2 = I m xm , so that A = (A 0 , Ai, A 2 ), as a block matrix. 

(4tlr) Let A = (• • • ■ •), where Cjj is the column indexed by (i,j) € A+(r). For a given 

a £ Aut(r), let = c i<T -i 1 , where we assume that c ij = —Cjj for any arc (i, j). Let 

A CT = (• • • , c • • • ) for any (■ i,j ) € A + (r), and let (A cr ) 0 , (A CT )i and (A CT ) 2 denote the 
first, the second and the third blocks of the matrix A CT respectively, as before. Then one 
can say that 

a can be lifted (A* 7 ^ + (A CT ) 2 M = 0 A^ + A 2 M = 0. (5) 



Proof of Theorem 1.1 

Let Eq = E(T) and E = E(T) \ Eq. Give an ordering for the arcs in A + (Eq) and A + (E) as 
follows: 

A+(E 0 ) = {15, 16, 17, 25, 28, 38, 48}, 

A+(E) = {26,46,47,37,35}. 

Give fundamental cycles in T as follows: 

C(2, 6; T) = (2, 6, 1, 5, 2), 

C(4, 6; T) = (4, 6, 1, 5, 2, 8, 4), 

(7(4, 7; T) = (4,7, 1,5, 2, 8, 4), 

(7(3, 7; T) = (3,7, 1,5, 2, 8, 3), 

(7(3, 5; T) = (3, 5, 2, 8, 3). 

It is well-known that Aut(F) = ^4 x Z 2 . Take four automorphisms of T as follows: a = 
(243) (567), P = (14)(23)(58)(67), 7 = (18) (27) (36) (45) and S = (23)(67). 

It is easy to check that M =< a, (3 > is subgroup of Aut(T) isomorphic to A 4 , N =< 
M, 7 > is subgroup of Aut(r) isomorphic to A^xZ-z, and < N,S >= Aut(r). Thus we have: 

(1) M can be lifted if and only if a and /3 can be lifted; 

(2) N can be lifted if and only if a, f3 and 7 can be lifted; 

(3) Aut(r) can be lifted if and only if a, /3, 7 and S can be lifted. 
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Since (3(T) = 5, we get n ^ 5. If n = 5, then F is nothing but X(j>, 5) and by [6, Theorem 
2.11], Aut(F) can be lifted. So, in what follows, we assume n < 5 and divide our proof into 
four cases for each n with 1 ^ n ^ 4. 



3.1 The Case of n = 1 



Suppose that n = 1. Then K = Z p = V(l,p). Since the element (18) (25) (36) (47) of Aut(F) 
maps 2, 6, 4, 7, 3, 5 to 5, 3, 7, 4, 6, 2, respectively, without loss of any generality, we have the 
following three essentially different cases for the set E\ and £2: 

(1) E 1 = {26} and E 2 = {46,47,37,35}; 

(2) £1 = {46} and £ 2 = {26,47,37,35}; 

(3) £1 = {47} and £ 2 = {26,46,37,35}. 

Case (1): E 1 = {26} and £ 2 = {46,47,37,35}. 

In this case, the incidence matrix is: 





(1,5) 


(1,6) 


(1,7) 


(2,5) 


(2,8) 


(3,8) 


(4,8) 


(2,6) 


/ 1 


-1 


0 


-1 


0 


0 


0 > 


(4,6) 


1 


-1 


0 


-1 


1 


0 


-1 


(4,7) 


1 


0 


-1 


-1 


1 


0 


-1 


(3,7) 


1 


0 


-1 


-1 


1 


-1 


0 


(3,5) 


l 0 


0 


0 


-1 


1 


-1 


0 ) 



Let D = (£ 0 ,£>i,Z) 2 ) be the discriminant matrix with Do = (— M, /4 X 4)P, D\ = (— M) 
and £ 2 = (/4X4) with a voltage generating matrix M = (a, 6, c, d) 4 . A direct computation gives 
that D 0 = (— M, /4 x 4)£ is equal to 



( 1 , 5 ) 


( 1 , 6 ) 


( 1 , 7 ) 


(2,5) 


(2,8) 


(3,8) 


(4,8) 


/ —CL + 1 


a — 1 


0 


a — 1 


1 


0 




-6 + 1 


6 


-1 


6-1 


1 


0 


-1 


-c + 1 


c 


-1 


c — 1 


1 


-1 


0 


V -d 


d 


0 


d - 1 


1 


-1 


0 / 



For an automorphism 0 of F can be lifted if and only if 

M = (c 2 e) a + (C46 047037035)^ M = 0. 



Inserting a 



(243) (567) to (6), we have 

0 = £“ + D 2 M = (c2e) a + (045047037035 )° M 



= (C35) + (c 2 5 026046047 ) M 

( a 2 — a — ab + c ^ 
ab — a — b 2 + d 
ac — a — be 
\ ad — a — bd + 1 y 



(Xij). 



(6) 
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Inserting (3 = (14)(23)(58)(67) to (6), we have 

0 = Df + D^M = (C26) /3 + (C46C47C37C35) /3 M 

= (C37) + (C17C16C26C28)-^ 

ab — b — ac + d 
— a + b 2 — be + d 
— a + be — c 2 + d + 1 
bd — cd + d 

Now assume that a and (3 can be lifted. By 2/41 = 0, we distinguish two cases: (1) d = 0; 
(2) b — c + 1 = 0. If (1) happens, by X 41 = 0 and Xu = 0, we have a = 1 and b = c. But it 

doesn’t satisfy 2/21 = 0. If (2) happens, by 2/11 = 0 , we have —a — b + d = 0. By x 2 \ = 0, we 

distinguish two subcases: (i) a — b + 1 = 0; (ii) 6 = 0. If (i) happens, by (. Xij ) = 0, we have 
that either a = c=0, b = d = 1 and p = 2 or a = d = 2, 6 = 0, c = 1 and p = 3. If (ii) 
happens, we have c = 1 and a = d. By x\\ = 0, we have a 2 — a + 1 = 0. Thus the solution of 
(x^) = ( yij ) = 0 are: a = c= 0, 6 = d = 1 and p = 2; or a = d = , 6 = 0, c = 1 and 

p = 3 or p = l(mod 6). Or equivalently, 

Mr = (0,1, 0,1)*, p= 2; 

M 21 = ( X + ^~^ ,0,1, 1 p=3 or p = l(mod 6); 

M 22 = (- — , 0, 1, — — ^-— )*, p = 3 or p = l(mod 6). 

By X(2, 1), X(p, 1) and X'(p, 1), we denote the covering graphs determined by Mi, M 2 \ 
and M 22 , respectively. In particular, X(p, 1) and X'(p , 1) are the same one if p = 3. 

Inserting 7 = (18)(27)(36)(45) to (6), we have 

0 = D\ + D^M = (C26) 7 + (C46 C47C37C35 ) 7 M 

— (C73) + (C53C52C62C64)M 

b — ab + ac — d 
6 — b 2 + be 
b — be + c 2 — 1 
— a + 6 — bd + cd 

Clearly, the matrices Mi, M 2 \ and M 22 satisfy this equation and 7 can be lifted, and so 
the group N can be lifted. 
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Inserting S = (23)(67) to (6), we have 

0 = D\ + D^M = {C2q) & + (C46C47C37C35) 5 A/ 

= (C37) + (C47C46 C26 C25 ) M 

b — ac + ad — d 
a — be + bd — d 
— c 2 + cd — d + 1 
— cd + d 2 — d 

Clearly, the matrix M\ satisfy this equation and 6 can be lifted. But the matrices M 21 and 
M 22 satisfy this equation and 8 can be lifted when p = 3. So, for graphs X(2, 1) and X(3, 1), 
Aut(r) can be lifted. 

Finally, we show that for p = l(mod 6), the graphs X(p, 1) and X'(p, 1) are isomor- 
phic as graphs. Let V := V{X[p,l)) = V(X'(p, 1)) = {(i;x) \ 1 < i < 8, x € GF(p)}. Let 
R = ( ~ 1+ ^~^ ), and let £ = (18) (25) (36) (47) eAut(r). Define a permutation T on V by 
(■ i;x) r = (*“>; (x)R). A direct checking shows that T is isomorphism from X(p, 1) to X'(jp, 1). 

Cases (2) and (3): By a computation similar to case (1), we can get the graph X(p, 1) in 
case (2) and the graph X(2, 1) in the case (3). 

3.2 The case of n = 2, 3, and 4 

In this subsection, the case n = 2, 3, and 4 will be described briefly. 

Case n = 2. In the case, K = = V(2 ,p). As before, without loss we may assume one of the 

following happens: 

(1) E x = {46, 37} and E 2 = {26, 47, 35}; 

(2) E 1 = {26,46} and E 2 = {47,37,35}; 

(3) Ei = {26,47} and E 2 = {46,37,35}; 

(4) E 1 = {26, 37} and E 2 = {46, 47, 35}; 

(5) Ei = {26,35} and E 2 = {46,47,37}; 

(6) E ± = {46,47} and E 2 = {26,37,35}. 

For the case of (1), let 

^ «i bi 

M = a 2 b 2 

\ a 3 63 
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be a voltage generating matrix. Then a computation similar to case n = 1 gives that Aut(T) 
can be lifted if and only if a\ = a 2 = 62 = ^3 and 61 = 03 = 1. Accordingly, we can get the 
graph X(p, 2). 

In the Cases of (2), (3), (4), (5) and (6), the group M can not be lifted. 

Case n = 3. In this case, K = = V(3 ,p). Without any loss of generality, we may assume 

one of the following happens: 

(1) E x = {26,47,35} and E 2 = {46,37}; 

(2) E ± = {26,46,47} and E 2 = {37,35}; 

(3) E ± = {26,46,37} and E 2 = {47,35}; 

(4) E-l = {26,46,35} and E 2 = {47,37}; 

(5) E ± = {46,47,37} and E 2 = {26,35}; 

(6) E r = {26,47,37} and E 2 = {46,35}. 

For the case of (1), one can show that Aut(r) can be lifted if and only if the voltage 
generation matrix 




Thus, we get the graph X(p, 3). 

In the case (2), (3), (4), (5) and (6), the group M can not be lifted. 

Case n — 4. In this case, K = = V(4,p). Without any loss of generality, we may divide our 

discussion into mutually exclusive three cases as followings: 

Case (1): E ± = {26,46,47,37} and E 2 = {35}. 

Let D = (Dq, Z?i, D 2 ) be the discriminant matrix with Do = (-M, Ii x i)P, = (— M) 
and D 2 = (Iixi) with a voltage generating matrix M = (a,b,c,d). 

The group Aut(T) can be lifted if and only if 

,1-V=3 , 1 + V— 3 l-v=3, 0 ,, J ^ 

Mi = ( , -1, , ), P = 3 or p = l(mod 6); 

„ 1 + a/— 3 1 1 — a/— 3 1 + V=3, 0 _ ,, , ^ 

M 2 = ( , -1, , ), P = 3 or p = l(mod 6). 

By X(p, 4) and X'(p, 4), we denote the covering graphs determined by Mi and M 2 , respec- 
tively. In particular, X(p, 4) and X'(p, 4) are the same one if p = 3. 

For p = l(mod 6), the graphs X(p, 4) and X'(p, 4) are isomorphic as graphs. Let V := 
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V{ x {pA)) =V(X'(p, 4)) = {(i-,x,y,z,w) \ 1 < i < 8, x, y, z, w G GF(p)}. Let 



( c 2 - 1 



R = 



V 



0 

0 

0 



1 

0 

0 

-1 



—ci c 2 — 1 ^ 

0 -1 

-1 0 

0 0 ) 



And let and let £ = (18)(25)(36)(47) eAut(T). Define a permutation T on V by (i; x, y , z, w) r = 
(x,y,z,w)R). A direct checking shows that T is isomorphism from X(p,A) to X'(p, 4). 



Case (2): E x = {26,46,47,35} and E 2 = {37}, and {^ 26 ,^ 46 , ^ 47 ^ 37 }, {^ 46 , <^ 47 , ^37 fe} are 
linear dependant, hence letting 

M = (0, b, c, 0). 

Now, one can show that M cannot be lifted. 

By a similar computation, in case (3) , E\ = {26, 46, 37, 35} and E 2 = {47}, and the group 
M can not be lifted. 

Combining subsection 3.1 and 3.2, we finish the proof of Theorem 1.1. □ 
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Abstract: A Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) = 

S(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers n > 0. Certainly, 
it is a generalization of Fibonacci sequence. A Fibonacci graceful labeling and a super Fi- 
bonacci graceful labeling on graphs were introduced by Kathiresan and Amutha in 2006. 
Generally, let G be a (p, g)-graph and S(n)\n > 0 a Smarandache-Fibonacci Triple. An bi- 
jection / : V (G) — > (<S'(0), S(l), S( 2), . . . , S(q)} is said to be a super Smarandache-Fibonacci 
graceful graph if the induced edge labeling f*{uv) = | f(u) — f(v)\ is a bijection onto the set 
(S'(l), S( 2), . . . , S(q)}. Particularly, if S(n), n > 0 is just the Fibonacci sequence Fi, i > 0, 
such a graph is called a super Fibonacci graceful graph. In this paper, we show that some 
special class of graphs namely F(, C( and are super hbonacci graceful graphs. 

Key Words: Smarandache-Fibonacci triple, graceful labeling, Fibonacci graceful labeling, 
super Smarandache-Fibonacci graceful graph, super Fibonacci graceful graph. 

AMS(2010): 05C78 
§1. Introduction 

By a graph, we mean a finite undirected graph without loops or multiple edges. A path of 
length n is denoted by P n+ \. A cycle of length n is denoted by C n . G + is a graph obtained 
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where 
the vertices are assigned certain values subject to some conditions, have often motivated by 
practical problems. In the last five decades enormous work has been done on this subject [1]. 

The concept of graceful labeling was first introduced by Rosa [6] in 1967. A function / is 
a graceful labeling of a graph G with q edges if / is an injection from the vertices of G to the 
set {0, 1, 2, . . . , q} such that when each edge uv is assigned the label | f(u) — f(v) |, the resulting 
edge labels are distinct. 

The notion of Fibonacci graceful labeling and Super Fibonacci graceful labeling were in- 
troduced by Kathiresan and Amutha [5]. We call a function /, a fibonacci graceful labeling of a 
graph G with q edges if / is an injection from the vertices of G to the set {0, 1,2,..., F q }, where 

1 Received November 1. 2010. Accepted February 25, 2011. 
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F q is the q th fibonacci number of the fibonacci series F\ = 1,F 2 = 2,F^ = 3, F 4 = 5,. . . , such that 
each edge uv is assigned the labels | f(u) — f{v ) |, the resulting edge labels are F\, F 2 , ....... F q . 

An injective function / : V (G) — » {F 0 , Fi, . . . , Fq}, where F q is the q th fibonacci number, is said 
to be a super fibonacci graceful labeling if the induced edge labeling | f(u) — f(v)\ is a bijection 
onto the set {Fl, F 2 , . . . , F q }. In the labeling problems the induced labelings must be distinct. 
So to introduce fibonacci graceful labelings we assume F\ = 1, F 2 = 2, F 3 = 3, F 4 = 5,. . . , as 
the sequence of fibonacci numbers instead of 0, 1, 2, • • • [3]. 

Generally, a Smarandaclre-Fibonacci Triple is a sequence 5(n), n > 0 such that S(n) = 
S(n — 1) + S(n — 2), where S(n) is the Smarandaclre function for integers n > 0 ([2]). A ( p , q)- 
graph G is a super Snrarandache-Fibonacci graceful graph if there is an bijection / : V(G) — > 
{5(0), 5(1), 5(2), . . . , S(q)} such that the induced edge labeling f*(uv) = | f(u) — f{v) \ is a 
bijection onto the set {5(1), 5(2), . . . , S(q)}. So a super Fibonacci graceful graph is a special 
type of Smarandaclre-Fibonacci graceful graph by definition. 

We have constructed some new types of graphs namely F n ® K+ m , C n ® P m , A'i, n 0 A' 1 , 2 , 
F n ® P m and C n ® K i jTra and we proved that these graphs are super fibonacci graceful labeling 
in [7]. In this paper, we prove that iq) , G* and 5^ n are super fibonacci graceful graphs. 

§2. Main Results 

In this section, we show that some special class of graphs namely F , G* and S* m n are super 
fibonacci graceful graphs. 

Definition 2.1 Let G be a (p, q) graph. An injective function f : V (G) — > {Fo, Fi,F 2 , • • • , F q }, 
where F q is the q th fibonacci number, is said to be a super fibonacci graceful graphs if the induced 
edge labeling f*(uv) = \ f(u) — f(v)\ is a bijection onto the set {Fi, F 2 , . . . , F q }. 

Definition 2.2 The one point union of t copies of fan F n is denoted by Ff. 

The following theorem shows that the graph Ff is a super hbonacci graceful graph. 

Theorem 2.3 Ff is a super fibonacci graceful graph for all n > 2. 

Proof Let uq be the center vertex of Ff and u \ , where i = 1.2....,/, j = 1,2 , . . . , n be 
the other vertices of Ff. Also, | W (G) | = nt + 1 and \E{G)\ = 2 nt — t. Define / : V{Fff) — > 
{Fo, Fi,.. . ,F q } by f(u 0 ) = F 0 , f{u{) = F 2j _ 1 , 1 < j < n. For i = 2,3, ...,t, /(«•) = 
F 2 n (i-i)+ 2 (j-i)-(i- 2 ) , 1 < j < n- We claim that all these edge labels are distinct. Let E\ = 
{f*(uou{) : 1 < j < n}. Then 

Fi = {\f{u 0 ) ~ f(u{)\ : 1 < j < n} 

= {\f(u 0 ) - f{u\) |, |/M - f{u\) I, • • • , |/(«o) - f«-% I f(uo) - /K) 1 } 

= {\F 0 - Fil, \F 0 - F 3 \, . ^ |F 0 - F 2 n _3 1, |F 0 - F 2 „_! |} 

= {Fi,F 3 ,...,F 2 n _ 3 ,F 2 n _i}. 




Super Fibonacci Graceful Labeling of Some Special Class of Graphs 



61 



Let E 2 = [f*(u{u{ +1 ) : 1 < j < n — 1}. Then 
E 2 = {| f{u{) - /K +1 )| : 1 < j < n - 1 } 

= (l/M - /(«?) I, I/M - /Ml, • • • , I/M -2 ) - /M - 1 )l, I/M -1 ) - /(Oil 

= {\Fi — F 3 |, |F 3 — F 5 |, . . . , |F 2n _5 — F 2n _ 3 |, |F 2n _ 3 — F 2 n _ij} 

= {F 2 ,F 4 ,...,F 2 n _ 4 ) F 2n _ 2 }. 

For i = 2, we know that 

Ez = {f*(u 0 u J 2 ) : 1 < j < n} = {\f{u 0 ) - f(u J 2 )\ : 1 < j < n} 

= (l/M) /M I, |/M - /M)|, • • • , I/M) - /K - 1 )l, |/M) - /K)l> 

= {|Fo — F 2 „|, |Fo — F 2n+2 |, . . . , |Fo — F 4 n _ 4 1 , |Fo — F 4 „_ 2 |} 

— {F 2 „, F 2ra+2 , . . . , F 4n _ 4 , F 4 „_ 2 }, 

F 4 = {/*M U 2 +1 ) ; 1 <j < n- i} 

= ll/M) - /MMl : 1 <j <n- 1 } 

= {I/M) - /M I, I/M) - /Ml, . . . , |/M -2 ) - /M - 1 )l, I/M -1 ) - /M)ll 

= {|F 2ra F 2 n+ 2 1 , |F 2 n _j _ 2 F 2 n+ 4 1 , . . . , |F 4n _6 F 4 n _ 4 1 , |F 4n _ 4 F 4n _ 2 |} 

= {F 2 „+i, F 2 „_|_ 3 , . . . , F 4 n _ 5 , F 4n _ 3 }. 

For i = 3, let F 5 = {/*(«oit 3 ) : 1 < j < ?r}. Then 

E 5 = {|/M - /Ml : 1 < j < n} 

= {|/M - /Ml, |/M) - /Ml, • • • , I/M) - /M - 1 )l, I/M) - /M)l> 

= {|F 0 — F 4 n _i|, |F 0 — F 4 „ + 1 1 , . . . , |F 0 — F 6n _ 5 |, |F 0 — F 6n _ 3 |} 

= {F 4 ra _i, F 4 „+i, . . . , Fg n _ 3 } . 

Let Eq = {/*(m 3 m 3 +1 ) : 1 < j < n — 1}. Then 

Ee = (|/M) - /(m 3 +1 )I :!<)<«-!} 

= {I/M) - /M)|, I/M - /Ml, • • • , I/M -2 ) - /M - 1 )l, I/M -1 ) - /M)ll 

= {|F 4 „_i — F 4ra _)_ 1 1 , |F 4n+ i — F 4ra+3 |, . . . , |F 3n _7 — F 3 n _5 1 , |F 3n _5 — F 6 „_ 3 |} 

= {Ea m F 4n + 2 , . . • , Fg n _g, Fg n _ 4 } 



Now, for i = t — 1, let F t _ 4 = {/*(«(M_ 1 ) : 1 < j < n}. Then 
E t -i = {|/(w 0 ) - /K_i)| : 1 < j < n} 

= {|/M) - /(«t-i)l» I/M) - /(Mi)l, • • • , I/M) - /MM)!, I/M) - /M-i)l> 

= {|Fo — F 2 „ t _ 4n _ t+3 |, |Fo — F 2nt _ 4 „_ t+ 5 |, . . . , |Fo — F 2nt _ 2 „_ ( _i |, |Fo — F 2nt _ 2 „_ t+ 1 1 } 
{F 2n t_ 4ra _(+ 3 , F 2n £_ 4yl _^_|_5 , . . . , F2nt—2n—t— 1, F 2n £_ 2n _^_|_ 4 } . 
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Let E t - 1 = : 1 < j < n— 1}. Then 

E t -i = {| /Mi) - /Mi)l : 1 < j < n - 1} 

= {I/Mi) - /M i)|, I/Mi) - /(«?_i)|, 

■ ■ ■ . l/«-i 2 ) - /(«”-i)l. l/(«T_i) - 

= {|F 2nt — An — £+3 -^2n£— 4n— 1+5 1 ? | ^2nt— An — £+5 -^2nt— 4n— £+7 1 ? 

• • • 7 | F2nt —2n—t—3 — F2nt —2n—t— 1 |, |^ 2 nt —2n—t— 1 — -p 2 rat —2n— t+i|} 

4n— 1+4? 4n— 1+6? ■ ■ ■ ■ Pint— 2n— t— 2i -f2nt— 2n— t}- 



f£ ■ 

F-22 F 2 3 F04 F25 F26 F27 F28 




Fig.l 



For i = t, let E t = {/*(«o?4) : 1 < j < n}. Then 

-Ft = {|/M - /Ml = 1 < j < n} 

= (l/M - /Ml, I/M - /Ml, • ■ • , I/M - /KMl, 

I/M - /K)|} 

= {|Fo — F2nt-2n—t-\-2 | ; |Fb — i'2 n i_ 2 n-i+4 I > • • • , |Fo — -p2„t-t-2| j |Fo — F 2rt t-t|} 
= {F 2 n t_ 2 n— 1 + 2 ; F2nt—2n— t+4i • • • 7 F2 n t—t—2i F2 n t—t\ • 




Super Fibonacci Graceful Labeling of Some Special Class of Graphs 



63 



Let E t = {f*(u{ui +1 ) : 1 < j < n — 1}. Then 



Et = {\f(u 3 t ) ~ /K +1 )| : 1 < j < n- 1} 

= {I /K 1 ) - /K 2 )|, l/K 2 ) - /(«?)|, . . • , l/K" 2 ) - /K _1 )|, l/K- 1 ) - /«)|} 

{ | E^nt— 2n— t +2 2n— f+4 1 ; |-^2nt— 2 to— 1+4 ^2nt— 2n— 1+6 1 * 

■ • • , \F2nt-t-4 ~ F 2 nt-t- 2 \, \ F2nt-t-2 — F 2 nt-t\} 

— {-^2nt— 2n— 1+3 ; -^2nt— 2rt— 1+5? • • • 5 -^2ro£— t— 3? -^2nt— t— l}* 



Therefore, E = E\ U F 2 U, . . . , UFt-i U£ ( = {i 7 !, F 2 , . . . , F 2 „t_ ( } Thus, the edge labels are 
distinct. Therefore, Ff admits super fibonacci graceful labeling. □ 

For example the super fibonacci graceful labeling of is shown in Fig.l. 

Definition 2.4 The one point union of t cycles of length n is denoted by Clf. 

Theorem 2.5 C!f is a super fibonacci graceful graph for n = 0(mod3). 

Proof Let uq be the one point union of t cycles and Ui, u 2 , ■ ■ . , u t ( n - 1 ) be the other vertices 
of G*. Also, |F(G)| = t(n - 1) + 1, |F(G)| = nt. Define / : T(G‘) -> {F 0 ,Fi, . . . ,F q } by 
f(u 0 ) = F 0 . For i = 1, 2, . . . , t, /(w (n _ 1)(i _ 1)+(i _ 1)+1 ) = F nt _ n(i _ 1) _ 2(j _ 1) , 1 < j < 2. For s = 

' ? 3 1 i 1, 2, . . . , t, f ) F n f_ i_ n (^_i)_ 2 (j— s— 2 )+(g— 1 ) , 3s £ j T 3s + 2. 

Next, we claim that the edge labels are distinct. 

We find the edge labeling between the vertex uq and starting vertex of each copy of 
(u( n _i) (i _i) + i). Let Ei = {/*(u 0 «(n-i)(i-i)+i) :!<*<*}• Then 

Ei = (|/(«o) - /(u(„-i)(i-i)+i)| : 1 < * < *} 

= (|/(«o) - f(u l)|, |/(u 0 ) - f(u n ) I, . . . , | f(u 0 ) - f(u nt -2n-t+3)\, 

\f(uo) - f(u„t-n-t+ 2 ) |} 

= { ! Fq — F n t\, |Fo — F n t- n \, ■ ■ • , |Fo — F 2n |, |Fo — F n |} 

— F n ^_ n , . . . , F 2n , F n } 



Now we determine the edge labelings between the vertex and the vertex 

u {n-i)(i-i )+2 of each copy. Let E 2 = {/*(u ( „_ 1 )(i _ 1 )+ 1 u (n _ 1)(i _ 1)+2 ) : 1 < i < t}. Then 

E 2 = {|/(W(n-l)(i-l)+l) - /(W(n-I)(i-1)+ 2 )| : 1 < * < t} 

= {|/0l) - /(W 2 ) I, | f{u n ) ~~ f(u n+ 1 )|, . . . , 

\f{llnt— 2n— ^+ 3 ) f {lint— 2n— 1+4 ) 1 5 \f{llnt— n— £+ 2 ) f {lint— n— £+ 3 ) I } 

= {\F n t — F nt _ 2 |, | F n t-n — F„ t _„_ 2 |, • . • , \F2 n — F 2rt _ 2 |, | F n — F„_ 2 |} 

— 1 , F n t — n _ 1 , . . . , F 2 n _i , F n _ 1 j- 



We calculate the edge labeling between the vertex tt(„_i)(i_i )+ 2 and starting vertex U(„_ 1 )( i _ 1 ) + 3 
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of the first loop. Let E 3 = {/*(u( n _i)(i_i) + 2«(n-i)(*-i)+ 3 ) Then 

-®3 = {|/(w(n-l)(i-l)+2) — /(W(n-l)(i-l)+ 3 )| : 1 < * < 0 

= {| f(u 2 ) - /(«3)|, |/(Wn+l) - /(«n+ 2 )|, |/(«2n) - /(«2n+l)|, • • • , 

\f{^"nt—2n—t+4) f ('Unt—2n—t+b')\ > If^nt—n—t+s) f i^nt— n— 1+4) | } 

— 2 -^nt— 1|, l-^rot— ro— 2 to— l|> |Tn£— 2n— 2 2 to— l|> 

• • • , |-^2to— 2 ^ -P2rt-l|> |Fn-2 — -Fn-l |} 

{E n t— 3 1 ^rot— to — 3 > F n t—2n—3i • • • 5 -^2to— 3 > F n — 3 } ■ 

t 

Now, for s = 1, let £4 = U {/*(u(n-i)(*-i)+j«(n-i)(*-i)+j+i) : 3 < j < 4}. Then 

i=l 



^4 — U* =1 {|/(U( n _i)(i_i) + j) - /(U(n-l)(*-l)+j+l)| : 3 < j < 4} 

= {|/(«3) - /(«4)|, |/(«4) - /(«5)|} 

|/(' u n+2) / (Wn+ 3 ) | > |/( M n+3) / ('^n+4) | }U, • • • , 

U{|/( u nt-2n-t+5) f i^nt— 2n— 1+6) | ? |/(^TOt— 2n— i+6) f {^nt— 2n— £+7)1} 

U{ |/(^nt— n— 1 + 4 ) — /(w n t_ n _t+5)|, \f(u n t—n—t+5) ~ to— 1+6) | } 

= {\Fnt-l ~ Fnt-3\,\Fnt-3 — F nt _ 3 \} 

to— 1 P'nt— n— 3 |> \ E n t—n—3 -Fnt— n— 5 I} 

U, . . . , U{|F 2 „_i — T2n— 3 1 ) |^2n-3 — ^2n-5|} 

U{|-Fra-1 ~ F n -3 1, \F n _ 3 — F n _ 3 1} 

— {F n t— 2 i Fto£— 4 } U {T' n i_ n _ 2 , T' r j(_„_4}U, . . . , 

U{F 2 „_ 2 , ^ 271 - 4 } u {F n _ 2 , ^- 4 } 



For the edge labeling between the end vertex (w( n _i)(i_ 1 )+5) of the first loop and starting 
vertex (rt( n _ 1 )( i _ 1 ) + e) of the second loop, calculation shows that 

E\ = {|/(u( n _i)(j_i) + 5) — /(u( n _i)(i_i) + 6)| : 1 < f < t} 

= {|/(^5) - f(u 6 ) I, |/(u„+ 4 ) - f{u„+ 5)1, • • • , 

2n— 4+7) f {^nt— 2n— t+s) I > |/(^nt— n— 1+6) f i^nt— n— i+7) I } 

= {|-^rot — 5 Fni_ 4 ), \F n t— n —§ F n t— n — 4 ), . . . , | F^n—Ti -^ 2 to— 4|> |-^ro— 5 -^to— 4|} 

— {-Fnt— 6, F n t— n — 6, • - - , F2 n _6, Fn_ g} 



For s = 2, let E 5 = U | =1 {/*(w ( „- 1 ) ( »- 1 )+jW ( „- 1 ) ( i- 1 )+j +1 ) : 6 < j < 7}. Then 
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— Uj = i{|/(w( rt _i)(i_i)+j) / (u( n — i)(i— i)+j+i ) I : 6 < j < 7} 

= {I/(w6)-/(m7)I,I/(u 7 )-/K)|} 

U{|/(Wn+5) ^ /(«n+ 6)|, |/(«n+ 6 ) ~ /Ki+7)|}U, • • • , 

2n— f+8) f {^nt— 2n— t+9^) I ; 2n— i+9) .f {^nt— 2n— i+10 ) | } 

U{ l/(foit— n— 1 + 7 ) n— 1+8) | > \f( u nt— n— 1+8) f ( u nt— n— t+ 9 ) I } 

= {|-Fnt-4 ^ Fnt—G \ 1 \F n t-6 ~ F nt - 8 1 } 

0{\F n t— n —4 F n t— n —Q j, | F n t— n —Q F n t— n — s|} 

u, . . . , U{|F 2 n _4 — F 2 n—Q 1 5 |F 2„_6 — F 2 „_s|} 
u{|f „_4 — f„_ 6 |, |f „_ 6 — F n _g|} 

= {Fy,4_5, F n ^_7} U {F n ^_ n _5, F n t_„_7}U, . . . , 

U{F 2ra _5, F 2 „_7} U {F„_5, F„_7} 

Similarly, for finding the edge labeling between the end vertex (ut n -i){%-i)+s) of the second 
loop and starting vertex (u( n _i)(j_i) + g) of the third loop, calculation shows that 

F\ = {|/(W(n-l)(*-l)+8) — /( u (n-r)(i-r)+9)| : 1 < * < t} 

= {|/(«s) - f(u g)|, | f(u„+7) - f(u n+8 ) I, . . . , 

Ifi'Unt— 2n— t-f-7o) f (Unt— 2n— 1+11 ) 1 5 n— i+ 9 ) f {^nt—n—t+ lo)|} 

{|F n £_g Fyit — 7 1 , |F nt _ n _8 F n t— n — 7 ], . . . , |F 2 n _8 F2 n _7|, 

|F n _g — F„_ 7 |} 

— { Frit— 9 , F?it — n — 9 j • • • 1 F2n—9i F n _g j- , 

5 

H ^ 

For s = — 1, let Fn-s_ 1 = U* =1 {/* (w (n _ 1)(i _ 1)+i M (n _ 1)(i _ 1)+i+1 ) : n - 6 < j < n - 5}. 

Then 

E n=*-i = u‘ =1 {|/(M (n _ 1)(i _ 1)+i ) - /(u (n _ 1)( »_ 1)+ j +1 )| :n-6<j<n-5} 

= {\f(Un-6) ~ f(u n - 5)|, |/(«n— 5 ) ~ /Ki-4)|} 

U{|/(U2n-7) ~ /(U2n-6)|, |/(«2n-6) ~ /(«2n-5) | }U, . . . , 

|/(^ni— n— t— 4 ) .f {Unt— n— t— 3 ) 1 5 n— t— 3 ) f {^nt— n— t— 2 ) | } 

U{ |/(folt — t — 5 ) f(Unt—t— 4 ) U l/(^nt— t— 4 ) — /(foit — t — 3 ) I } 

— {|F n £_ n _|_g Fjif — | , |F nt _ n+ 6 F n t- n - (~4 1 } U {|F n ^_2n+8 F n f—'2n-\-(i | ? 

|F n i_ 2 n +6 F n i_2n+4|}U5 • • • 5 U{|F n _|_g F n _j_g|, |F n _(_g F n _j_4|} 

U{|F 8 -F 6 |,|F 6 -F 4 |} 

— {F n ^_ n _f_ 7 , F n ^_ n _(_ 5 } U {F n £_ 2 n+T; F n ^_2n-(-5}U, . . . , U{F n _f_ 7 , F n _j_ 5 } 
u{F 7 ,F 5 } 
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We calculate the edge labeling between the end vertex (w( n _ 1 )( i _ 1 ) +n _ 4 ) of the — l) t/l 
loop and starting vertex (w(n- 1 )(i- 1 )+n_ 3 ) °f the (p^) rd loop as follows. 

^ n ~ 3 l { l«/ > (^'(n— l)(i— l)+n— 4 ) f {^(n— l)(i— l)+n— 3 ) I • f ^ ^ ^ 

= {|/(^n— 4 ) - /(Wn-3)|, |/(^2n-5) ~ /(^2n-4)|, • • • , 

|/(^n£— n— £+ 2 ) f {^nt—n—t—l)\i \ f{^nt— t— 3 ) f i^nt— t— 2 ) | } 

= n+6 F'nt— n+5|j \F n t— 2n+4 Frit— 2n+5|? • • • 5 

l-^n+4 — -^n+5 1 5 1^4 “ -^5 1 } 

— {F nt— n+4? rit— 2n+3? • • • y F n-|-3 ? -^ 3 } 

Yi 0 t 

For s = , let En - 3 = U {/*(u( n -i)(i-i)+jU(n-i)(»-i)+j+ 1 ) ■ n - 3 < j <n - 2}. 

O 3 2=1 

Then 

£=3 = U* =1 { | / (« (n -i)(i-i)+j) - /(w ( „-i)(j-i)+j+i)| : n - 3 < j < n - 2} 

= {l/On- 3 ) - /(un-2)|, |/(w n -2) ~ /(«n-l)|} 

U{|/(ti2n-4) - /(«2n-3)|, |/(«2n-3) - /(«2n-2)|}U, . . . , 

n— t— l) f {'Unt— n— t) \ i \f (^nt—n—t) .f {^nt—n—t+ 1)|} 

\f{^nt— t— 2 ) f— l) | > |/(^nt— t— l) f {^nt— 1)|} 

— { \Fnt— n-f-5 E n t— n + 3 1 , |F n £_ n _|_3 F n £_ n _j_i | } 

U{|-fnt-2ra+5 ~ -fnt-2n+3|> |-fnt-2ra+3 — Fnt-2n+l | }U, . . . , 

U {l-^n+5 ~ -fn+3^ \ Fn+3 — ^n+l|} hJ { | -F 5 — -F 3 1 , | -F 3 — i 7 ! | } 

{E n t- n -\- 4 , F n t— n + 2 } U {F n £_2n+4i -F n ^_ 2 n+ 2 }U) • • • j 
U{-Fk+4, -Pra+ 2 } U {F 4 , F 2 } 

Calculation shows the edge labeling between the end vertex (rt( n _ 1 )( i _ 1 ) + „_ 1 ) of the ( 11 ^-) rd 
loop and the vertex uq are 

E * = {|/(W(„— l)(i— l)+ n — l) - f(uo)\ ■ 1 < * < t} 

= {\f(Un-l) - f(uo)\, |/(ti 2 n- 2 ) ~ /(«o)|, • • • , 

\f(u n t-n-t+l) - f(u o)|, |/(tini-t) ~ /(«o)|| 

= {\Fnt-n+l — -Fb|) \ F n t-2n+l ~ F(, | , . . . , |F n+ i — Fj | , |Fi — Fo | } 

{F n ^_ n _j _4 , F n ^_ 2 n +1 5 • • • 5 -^n +1 1 Fi } • 

Therefore, 

F = (Ei UF 9 U UFn- 3 ) U (EluF'u UFl-3 ,)UF* 

3 3 1 

= {F 1 ,F 2 ,...,F nt } 



Thus, the edge labels are distinct. Therefore, C* admits a super hbonacci graceful labeling. □ 
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For example the super fibonacci graceful labeling of C| is shown in Fig. 2. 

Definition 2 . 6 ( [4] ) Let S m , n stand, for a star with n spokes in which each spoke is a path of 
length in. 

Definition 2.7 The one point union of t copies of S m ^ n is denoted by S} nn . 

Next theorem shows that the graph S ^ „ is a super Fibonacci graceful graph. 

Theorem 2.8 S ^ n is a super fibonacci gracefid graph for all m, n, when n = l(mod3). 

Proof Let i>o be the center of the star and v}, i = 1,2, ... ,mt, j = 1,2, ...,n be the 
other vertices of S^ n . Also, |V(G)| = mnt + 1 and \E(G)\ = mnt. Define / : V{Sl nn ) — > 
{F 0 ,F 1 ,...,F q } by f(v 0 ) = F 0 . For i = 1,2 ,...,mt, f(v}) = F mnt _ n ^_ i)_ 2 y_i), 1 < j < 2. 
For i = 1,2, ... , mt, F{v)) = F mnt _( 2j _ n _ 1) _ n{i _ 1) , n - 1 < j < n. For s = 1,2,...,^, 
i = 1,2, ... , mt 

f{Vj) = F 1 rrant _i_ ra (j_i)_ 2 (j- s - 2 )+(s-i)i 3 s < j < 3s + 2. We claim that all these edge labels are 
distinct. Let E\ = {f*(vov\) : 1 < i < mt}. Calculation shows that 

Ei = {\f(vo) - f(v\)\ : 1 < * < mt} 

= (l/M - 0)1, I Hvo) - f(vl) I, . . . , |/(«o) - /«Ol, 

I/M -/(Oil 

= {\Fq — F mnt |, | Fo — F mnt - n \, . . . , \Fo — F 2n | , l-Fb — F n |} 

— { F'rnnt , Fmnt—n > • • • , F 2n , F n } . 

Let E 2 = {/*( v\v 2 ) : 1 <i< mt}. Then 
F 2 = {\f{v\)~ f{v l 2 )\:l<i<mt} 

= {I/M - /Ml, | /M - /M I, . . . , I /(O') - /« t_1 )|, 

1/(0- /(Oil 

— { I Frrint A mn ^_2|, |-F mn £_ n — n. — 2 1 ? ■ ■ ■ ■ |F 2 n F 2n — 2 \, \ F n -F n _2|} 

— }Fmnt—l,F mn t— n — 1 5 • • • ? 2 n— 1 5 F n— 1 } 
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For the edge labeling between the vertex v\ and starting vertex v\ of the first loop, let 
F3 = {f*{v 2 V \) '■ 1 < i < mt}. Calculation shows that 



£3 = {\f(vl) - f{v z 3 )\ : 1 <i <mt} 

= {i M) f(vD 1, 1 f{vD f{vD 1 , . . . , mvr- 1 ) - f(vr-% 

= { | F rnn t—2 Frrrnt— 1 1 . \F mn t—n—2 F mnt—n—l 5 • • • 5 |F2 n _2 F2 n _i | 

|F„_ 2 — F n _i |} 

— { F mn f 3 1 Fmnt—n— 3 7 • • • 1 ^ 2 n— 3 1 F n _ 3} . 



For s = 1, let E 4 = U ^i{f*{v)v) +l ) : 3 < j < 4}. Then 



F 4 = U^ 1 {\f(v l j) — f(vj +1 )\ : 3 < j < 4} 

= (l/(^) - f{vl) |, |/(vi) - /(^)|} U {|/(w|) - /K 2 )l, 1/(^1) - f(vl) |} 












u{| /«) - /«)|. l/«) - /K rot )ll 

= F mn4 _3 1 , |F mn ^_3 F mn ^_5|} 

C{|F mn f_ n __ 4 ^iriTit — yi — 3 1 1 \-^mnt—n—3 ^mnt—n — 5 I } 

U, . . . , U{|F2 ra _i — F2n—3 1 5 |F2„_3 — F2 n _s|} 

U{|F n _i — F„_ 3 |, |F n _3 — F n _5 | } 

— {F mn ^_2 , Fmnt— 4 } C {F mn f _ y j,_2 , F mn £_ n _ 4 }U, . . • , U{F2 n _2 , F2 n _ 4 } 

u{f„_ 2 , f„_ 4 }. 



We find the edge labeling between the vertex of the first loop and starting vertex v\ of 
the second loop. Let E\ = {f*(v 1 5 Vq) : 1 <i< mt}. Then 

E\ = {\f(v l 5 ) - f(v z 6 )\ : ! < i < mt} 



= {|/(^s) — /(^e)U I/O 


u 5 2 )-/(u 6 2 )|,...,|/«‘- 1 ) 










= {|F mn f_5 F mnt _ 4 


5 | Fmnt—n— 5 mnt— n— 4:|? • 


• • , |F2„_5 — F2„_ 4 


F n _5 — F„_ 4 } 






— {F mn ^_6 , F rnn f— n —Q , 


• • • 5 -^2 n— 6? F'n— 6^ • 





For s = 2, let F 5 = U£\{/*(ujuj +1 ) : 6 < j < 7}. Then 
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E 5 = U^. t 1 {|/(wj) — f(Vj +1 )\ : 6 < j < 7} 

= /K) |, |/(t>$) - /(Ws)l} U {| f(v 2 e) - f(v 2 7 ) I, |/K 2 ) - /K 2 )|} 

u, ...... . , mm 1 ) - /m 1 )!, i/m 1 ) - /K mt_l )i} 

u{|/(C t )-/(Ol,|/«)-/« t )|} 

{ \ Fmnt— 4 Fmnt— 6 \ •> \ F m nt—6 F'mnt—S |} U { \F m nt—n—4 F'mnt—n—b \ ■> 

\F mnt—n—6 Fmnt—n— 8 1 • • • i |-^ 2 n— 4 F 2n— 6 1 ? I 2 n — 6 2 n— 8 1 } 

U{|F n _4 — F n -Q |, |F n _ 6 — F n _g|} 

= —5 5 F mnt—7 } U {F mnt — n— 5} Fmnt—n— 7 j’U, . . . , U{-F 2 n— 5 1 E‘2n— 7 } 

U{F„_ 5 , F n _ 7 } . 

Let E\ = {/*(«) : 1 < * < r?zt}. Calculation shows that the edge labeling between the 
vertex v\ of the second loop and starting vertex Vg of the third loop are 



E l = {\f(vl)~ f{v l 9 )\:l<i<mt} 

= {i M) - f(vD i, i f{vD - f(vD i, . . . , i /(«r _i ) - /« t_i )i» 

i/m- /(On 

= {|F mn £_g E mnt— 7^ n— 8 E mnt— n— 7 1 ? • • • ? 

|-P2ra— 8 — -^2n— 7 1 ; I-F71-8 _ -^ri— T | } 

= { E mnt — 9 5 ^mnt-n-9; • • • 5 -F 2 n— 9) -Pn-9}- 



Tl — 4 

For s = — 1, let £ Iz i_ 1 = U™ t 1 {/*(u*u* +1 ) : n — 7 < j < n — 6}. Then 

O 3 

£„_4_i = U™\{|/(u}) - /(u} +1 )| :n-7< j < n - 6} 

= (I/KLt) - /(^_ 6 )l. l/(^_ 6 ) - f( v h- 5 ) 1 } 

u{i/m 7 ) - /m)i, i/m) - /mm 
u, . . . Mi/m 1 ) - /(c-e 1 )!. i/m 1 ) - /m 1 )!} 
u{i/(c- 7 ) - /m)i, i/m) - /mm 

= {| E mnt — n+9 F mn t— n-H-7 1 5 n+7 rrmt— n+5 | } 

U{|F mnt 

— 2n-\-9 Fmnt — — | — 7 1 ? | -^'mnt — < 2n-\~7 ^ runt — 2n+5 1 } 

U, . . . , U{jF ra+ 9 — F n+7 |, |F n+7 — F n+5 |} 
U{|F 9 -F 7 |,|F 7 -F 5 |} 

— { F mn i — 7T/-)-8 7 FjjiTlt — n+6} U {F m nt — 2TI - l - 8 ? Fmnt — 2n+6}U, . . • , 

U{F n+ 8, F n+ e} U {F 8 , F 6 }. 



Similarly, for the edge labeling between the end vertex v l n _ 5 of the ( I ^ — l) th loop and 
starting vertex v l n _ A of the ( 2 ^) rd loop, let E] l _ i _ = {/*(u^_ 5 u^_ 4 ) : 1 < i < mt}. Calcula- 

3 1 
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tion shows that 



= {l/K-s) - /«- 4 )l : 1 < * < ™t} 

= {\f{Vn- 5 ) - f( v n- 4)1, I /fan— 5 ) ~ l» 

l/KT-5 1 ) - /(C-I 1 )!) l/«- 5 ) ^ /«- 4 ) II 

= { | E rnnt — n+5 Fmnt— 71+6(5 l-^rrmt— 2n+5 ^mnt— 272+6 1 5 • • • 5 

l-^n+5 — -^n+6 1 5 |-^5 — ^6 1 } 

— {F mnt— n+ 4) E mnt—2n+Ai ■ • • i Pn+&i ■ 

74 — 4 Tnt 

Now for s = — - — , let En ^ a = (J {f*(VjVj +1 ) : n — 4 < j < n — 3}. Then 

O 3 2—1 

iln -4 = U™\{|/( 77 *) - /(t;* + 1 )| :n-4< j < n - 3} 

= {\f(vi_ 4 ) - f(vl _ 3 )|, |/(t+ 3 ) - f{v l n _ 2 ) |} 

U{|/(^_ 4 ) - f(v 2 n-s) |, |/(«S-a) - /(«n- 2 )ll U 

, • • • , {l/KT-I 1 ) - /(C-l 1 )!, I/KT-I 1 ) - /(C-l 1 )!} 
u{|/«l 4 ) - /«b)l, l/«+) - /«b)|} 

= { | Pfrint — 72+6 Fmnt— 72+4) j — n+4 Fmnt—n +2 |} 

U{|F TO „* 

— 2 72+6 F'mnt— 2n+4 1 ? | F'mnt— 2n+4 'mnt — 2n+2 | } 

U, ... 7 U{|F n+ 6 — T' n+ 4|, |F n+4 ^ F n +2 | } 

U{|F 6 -F 4 |,|F 4 -F 2 |} 

— {-^mnf-n+5) ^?rmt-n 4 3 } U {-Frrmt — 272+5 ? ^ TYlTlt — 2n+ 3 }U, . . • , 

U{F ra+ 5, F„ +3 } U {F 5 , F 3 }. 

We find the edge labeling between the end vertex v l n _ 2 of the (++ rd loop and the vertex 
<_i- Let E{ = {/*«_ 2 <-i) : 1 < * < mt}. Then 

E i = {l/«- 2 ) - /K-i)l : 1 < i < mt} 

= {l/(^- 2 ) - fivi- 1 )|, I f{vl_ 2 ) - f(vl_ 4)1, . . . , |/«ll 1 ) - /(C-l 1 )!. 

l/(C- 2 )-/(C-i)l} 

= { | Fm n t — 72+2 Fmnt — "/t. — | — 3 1 ? | -^'n i/Tit — 2t2+2 772 72 1 — — | — 3 1 5 • • • 5 

l-^n+2 — -^n+3 1 5 |-^2 ~ ^3 | } 

= {-^mnt-n+b -^mnt— 2n+l? • • • 5 J’n+l.-Fl}- 
Let F| = : 1 < i < ?nt}. Then 

^2 = (l/«-i) - /«)l : 1 < * < ™t} 

= {l/Ob-l) - f( V n) l> l/bn-l) - f( V l) I. • • • > 

l/KT-I 1 ) - /Kb” 1 )!, l/«-i) - /«*)!} 

= { I Fm n t — 72 -(-3 ^TYlTlt — 72+ 1 | 5 | -^772 72 1 — 2t 2 - ( - 3 772 72 i — 272 — | — 1 | ? • * • J 

|F n+3 -F n+1 |,|F a -Fi|} 

— mnt—n +2 5 F mnt— 2 t 2+2? • • • ? i+2,F 2 }. 
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Therefore, 

E = (Ei U E 9 . U U En-i ) U (E\ U El U U£l 4 . ) U Ej* U E* 

3 3 1 

= {Fi, F2, . . . , F mnt } 

Thus, S ^ n admits a super hbonacci graceful labeling. □ 

For example the super hbonacci graceful labeling of ,S'| 7 is shown in Fig. 3. 



F42 -F41 F40 F39 F41 F40 F39 F38 F37 F36 F38 F37 F36 




Fig-3 



Theorem 2.9 T/ie complete graph K n is a super fibonacci graceful graph if n < 3 . 

Proof Let {wo> i ; i, • • • j v n _i} be the vertex set of K n . Then Uj(0 < i < n — 1) is adjacent 
to all other vertices of K n . Let vq and v\ be labeled as F 0 and F q respectively. Then u 2 must 
be given F q _ 1 or F q _ 2 so that the edge i>ii> 2 will receive a hbonacci number F g _ 2 or F q _\. 
Therefore, the edges will receive the distinct labeling. Suppose not, Let i>o and v\ be labeled as 
Fi and F q or Fq and F 9 _ 2 respectively. Then u 2 must be given F q _i or F q - 2 so that the edges 
vqV 2 and V 1 V 2 will receive the same edge label F q _ 2 , which is a contradiction by our dehnition. 
Hence, K. n is super hbonacci graceful graph if n < 3. □ 
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§1. Introduction 

A drawing of a graph G on a surface S is such a drawing with no edge crosses itself, no adjacent 
edges cross each other, no two edges intersect more than once, and no three edges have a 
common point. A Smarandache X s -drawing of G on S is a drawing of G on S with minimal 
intersections X s . Particularly, a Smarandache 0-drawing of G on S, if existing, is called an 
embedding of G on S. Along the Kurotowski research line for determining the embeddability 
of a graph on a surface of genus not zero, the number of forbidden minors is greater than a 
hundred even for the projective plane, a nonorientable surface of genus 1 in [1], 

However, this paper extends the results in [3] which is on the basis of the method established 
in [3-4] by the author himself for dealing with the problem on the maximum genus of a graph 
in 1979. Although the principle idea looks like from the joint trees, a main difference of a tree 
used here is not corresponding to an embedding of the graph considered. 

Given a graph G = (V. E), let T be a spanning tree of G. If each cotree edge is added 
to T as an articulate edge, what obtained is called a protracted tree of G, denoted by T. An 
protracted tree T is oriented via an orientation of T or its fundamental circuits. In order to 
guarantee the well-definedness of the orientation for given rotation at all vertices on G and 
a selected vertex of T, the direction of a cotree edge is always chosen in coincidence with its 
direction firstly appeared along the the face boundary of T. For convenience, vertices on the 
boundary are marked by the ordinary natural numbers as the root vertex, the starting vertex, 
by 0. Of course, the boundary is a travel on G, called a tree-travel. 

In Fig.l, (a) A spanning tree T of Jv 5 (i.e., the complete graph of order 5), as shown by 
bold lines; (b) the protracted tree T of T. 



1 Received December 25, 2010. Accepted February 22, 2011. 
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§2. Tree- Travels 



Let C = C(V ; e) be the tree travel obtained from the boundary of T with 0 as the starting 
vertex. Apparently, the travel as a edge sequence C = C(e) provides a double covering of 
G = ( V,E ), denoted by 



G (V , Vil Pil , 12^2 -^2 )^2 ^2 ^2 



(1) 



where e = |P|. 

For a vertex-edge sequence Q as a tree-travel, denote by [<3] eg the edge sequence induced 
from Q missing vertices, then C eg = [C(V;e)\ eg is a polyhegon(Le., a polyhedron with only one 
face) . 

Example 1 From T in Fig. 1(b), obtain the thee-travel 



C(V;e) — 0 Po,80 F8 ,i40Fi4 j i80-Pl8 ,2 o0 

where vq = v$ = Vu = iiis = U 20 = 0 and 

Po,8 = ala2a _1 l/13/3^ 1 l747 _1 la^ 1 ; 

P SM = 62A3 1 2 A4A“ 1 26” 1 ; 

-Pl 4,18 = c3cr4cr~ 1 3c _1 ; 

Pi 8,20 = dAd -1 . 

For natural number i , if aiya _1 is a segment in C. then a is called a reflective edge and 
then Vi, the reflective vertex of a. 
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Because of nothing important for articulate vertices (1- valent vertices) and 2-valent vertices 
in an embedding, we are allowed to restrict ourselves only discussing graphs with neither 1- 
valent nor 2-valent vertices without loss of generality. From vertices of all greater than or equal 
to 3, we are allowed only to consider all reflective edges as on the cotree. 

If and Vi 2 are both reflective vertices in (1), their reflective edges are adjacent in G and 
Vi' x = uq and v ^ = Vi 2 , [P„ iiii2 ] eg fl [P v ., ] eg = 0, but neither nor v ^ is a reflective vertex, 

then the transformation from C to 



A^ ,vi 2 G(V ; e) — bPo,q Ci Py .i / 2 C2 h? C, Pq d? > Ai- 

is called an operation of interchange segments for {v^jV^}. 



(2) 



Example 2 In C — C(V; e)) of Example 1, u 2 = 2 and V 4 = 3 are two reflective vertices, their 
reflective edges a and (3, vg = 2 and v-j 5 = 3. For interchange segments once on C, we have 



A 2 , 3 C = OPo,22P 9 ,i. 5 3P4, 9 2P 2 ,43Pi5,2oO (= Ci). 



where 



Po ,2 — ala (— Pi ;0 , 2 ); 

P 9 i 5 = S3S~ 1 2A4A- 1 2b~ 1 0c3 (= Pi ;2 , 8 ); 

Pi , 9 = 0- 1 l' r 4r r - 1 la- 1 Ob2 (= Pps.is); 

P 2 ,4 = a 1 1/3 (= Pl;13,15); 

Pi.5,20 = cr 4 a * 3 c x 0 d 4 d 1 (= Pips, 20)- 

Lemma 1 Polyhegon A VitVj C eg is orientable if, and only if, C eg is orientable and the genus 
of A„ 4 „ 4 C eg is exactly 1 greater than that of C eg . 

Proof Because of the invariant of orientability for A-operation on a polyhegon, the first 
statement is true. 

In order to prove the second statement, assume cotree edges a and [3 are reflective edges 
at vertices, respectively,^ and i>, 2 . Because of 

Ceg = Aaa~ 1 B f3(3~ 1 CDE 

where 

Aa = [Po.qjeg? a B (3 — [Pq ,i 2 ] eg 5 
P C = [P» 2 ,»i]egt D = [Pj^i^eg; 

P" = [Pj^dJegj 

we have 

A Vii , Vi2 C eg = AaDf3~ 1 Ca~ 1 B[3E 

~to P ABCDEa(3a~ 1 /3 _1 , (Theorem 3.3.3 in [5]) 

= Cega/la -1 /!^ 1 (Transform 1, in §3.1 of [5]). 
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Therefore, the second statement is true. □ 

If interchange segments can be done on C successively for k times, then C is called a k-tree 
travel. Since one reflective edge is reduced for each interchange of segments on C and C has at 
most to = |_/3 / 2J reflective edges, we have 0 ^ k ^ m where (3 = (3(G) is the Betti number(or 
corank) of G. When k = to, C is also called normal. 

For a fc-tree travel Ck(V; e, e -1 ) of G, graph Gk is defined as 

k 

Gk = T\J{E re[ p| E T - e'j }] ( 3 ) 

i = i 

where T is a spanning tree, [X] represents the edge induced subgraph by edge subset X, and 
e € E ie {, e € Ef, { e ? - , e'} are, respectively, reflective edge, cotree edge, pair of reflective edges 
for interchange segments. 

Example 3 On C\ in Example 2, t,'i .3 = 3 and = 4 are two reflective vertices, i>i ; s = 3 
and vi ; io = 4. By doing interchange segments on Ci, obtain 

A 37 C 1 = 0-Pl;O,lo3T > i ; i7 j i94Pi ; i2,i53Pi ; io.l24Pi;i9,2o0 (= C 2 ) 



where 



P 1;010 = ala26- 1 0c3/3" 1 l747- 1 l«- 1 062(5(= P 2;0 ,io) 

-Pl;17,19 = C 1 0d(= P2;10,12); 

Pl;12.17 = OL 1 2a 1 l/33u4(J 1 (= P2;12,17); 

-Pl;10,12 = 8 X 2A(= P2;17,19); 

-pL;19,20 = d X (= P2;19,2o)- 

Because of [P2 ; 6,i6]e g O [P2;i2,i9]e g ^ 0 for w 2 ;12 = 4 and t>2 ; i9 = 4, only u 2; 6 = 4 and 
V 2 -, i6 = 4 with their reflective edges 7 and a are allowed for doing interchange segments on Ci- 
The protracted tree T in Fig. 1(b) provides a 2-tree travel C, and then a 1-tree travel as well. 

However, if interchange segments are done for pairs of cotree edges as {(3, 7}, {<)', A} and 
{a, cr} in this order, it is known that C is also a 3-tree travel. 

On C of Example 1, the reflective vertices of cotree edges (3 and 7 are, respectively, = 3 
and i>6 = 4, choose 4' = 15 and 6' = 19, we have 

A76 C = OP 1; o,43Pl;4,84Pl ;8 ,173Pl;17,194Pl;19,2oO(= Ci) 



where 



-Pl;0,4 ^ P 0 A 1 PlA'S ~ -pL5,19! -Pl;8,17 — ^6,15! 

-Pl;17,19 = ^4,6! ^1;19,20 = Pl9,20- 

On Ci, subindices of the reflective vertices for reflective edges 5 and A are 5 and 8, choose 
5' = 17 and 8' = 19, find 



A5,8Ci — OP2;0,53P2;5,74P2;7,163P2;16,194P2;19,2oO(— C 2 ) 
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where 



-^2;0,12 — Pi, 0,12', P2,12,14 — Pi, 17,19', P2;14,17 — -Pl;14,17; 
f > 2;17,19 = -Pl;12,14; P2;19,20 = Pl;19,20- 

On C 2 , subindices of the reflective vertices for reflective edges a and a are 2 and 5, choose 
2' = 18 and 5' = 19, find 

^5,8^2 = OP3 ; o,23P3;2,34P3;3a637 :> 3;16,194-P3;19,2oO(= C3) 

where 

P3;0,2 = P2;0,2! ^2;2,3 = -P2;18,19; -P3;3,16 = P2;5,18! 

P3;16,19 = P2;2,5! ^3:19,20 = p2;19,20- 

Because of P(K 5 ) = 6, m = 3 = L/3/2J . Thus, the tree-travel C is normal. 

This example tells us the problem of determining the maximum orientable genus of a graph 
can be transformed into that of determining a fc-tree travel of a graph with fc maximum as shown 
in [4], 

Lemma 2 Among all fc-tree travel of a graph G, the maximum of k is the maximum orientable 
genus 7 m ax(G) of G. 

Proof In order to prove this lemma, the following two facts have to be known(both of 
them can be done via the finite recursion principle in §1.3 of [5]!). 

Fact 1 In a connected graph G considered, there exists a spanning tree such that any 
pair of cotree edges whose fundamental circuits with vertex in common are adjacent in G. 

Fact 2 For a spanning tree T with Fact 1, there exists an orientation such that on the 
protracted tree T, no two articulate subvertices(articulate vertices of T) with odd out-degree 
of cotree have a path in the cotree. 

Because of that if two cotree edges for a tree are with their fundamental circuits without 
vertex in common then they for any other tree are with their fundamental circuits without 
vertex in common as well, Fact 1 enables us to find a spanning tree with number of pairs of 
adjacent cotree edges as much as possible and Fact 2 enables us to find an orientation such 
that the number of times for dong interchange segments successively as much as possible. From 
Lemma 1, the lemma can be done. □ 

§3. Tree- Travel Theorems 

The purpose of what follows is for characterizing the embeddability of a graph on a surface of 
genus not necessary to be zero via fc-tree travels. 

Theorem 1 A graph G can be embedded into an orientable surface of genus k if, and only if, 
there exists a k-tree travel Ck( F;e) such that Gk is planar. 
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Proof Necessity. Let /z(G) be an embedding of G on an orientable surface of genus k. 
From Lemma 2, /x(G) has a spanning tree T with its edge subsets E 0 , |E 0 | = /3(G) — 2k, such 
that G = G — Eq is with exactly one face. By successively doing the inverse of interchange 
segments for k times, a fc-tree travel is obtained on G. Let K be consisted of the k pairs of 
cotree edge subsets. Thus, from Operation 2 in §3.3 of [5], G* = G — K = G— K + E 0 is planar. 

Sufficiency. Because of G with a fc-tree travel Ck(V ; e), Let K be consisted of the k pairs of 
cotree edge subsets in successively doing interchange segments for k times. Since Gk = G — K 
is planar, By successively doing the inverse of interchange segments for k times on Ck{V; e) in 
its planar embedding, an embedding of G on an orientable surface of genus k is obtained. □ 

Example 4 In Example 1, for G = K^, C is a 1-tree travel for the pair of cotree edges a and 
(3. And, Gi = K 5 — {a, (3} is planar. Its planar embedding is 

[4cr -1 3c -1 0<i4] e g = ( a~ 1 c~ 1 d ); 

[4d -1 0aly4] eg = (d -1 ay); 

[3cr4A _1 2d3]eg = (ctA - 1 <I); [0c36 _1 2& -1 0] e g = (c<5 -1 6 -1 ); 
[2A47 -1 la -1 062] eg = (Ay -1 a -1 &). 

By recovering {a, (3} to G and then doing interchange segments once on C, obtain Gi. From 
Ci on the basis of a planar embedding of Gi, an embedding of G on an orientable surface of 
genus l(the torus) is produced as 

[4cr^ 1 3c _1 0d4] eg = ( a~ 1 c~ 1 d ); [4d -1 0al74] eg = (d _1 ay); 
[3cr4A“ 1 2(33/3 _1 la _1 062a _1 l/I3]eg = (a\~ 1 SP~ 1 a~ 1 b2a~ 1 P); 
[0c3<5 _1 26 _1 0] eg = (c<5 _1 & _1 ); [2A4y _1 la2] eg = (Ay -1 ®). 

Similarly, we further discuss on nonorientable case. Let G = (V,E), T a spanning tree, 

and 

C(V ; e) = QPO'iViPijVjPjfrO (4) 

is the travel obtained from 0 along the boundary of protracted tree T. If Vi is a reflective vertex 
and Vj = Vi , then 

A ? G(E; e) = OPo.iViP^VjPj^O (5) 

is called what is obtained by doing a reverse segment for the reflective vertex v % on C(V; e). 

If reverse segment can be done for successively k times on C, then C is called a k-tree 
travel. Because of one reflective edge reduced for each reverse segment and at most j3 reflective 
edges on C, we have 0 ^ k ^ (3 where /3 = (3(G) is the Betti number of G(or corank). When 
k = (3, C(or G) is called twist normal. 

Lemma 3 A connected graph is twist normal if, and only if, the graph is not a tree. 

Proof Because of trees no cotree edge themselves, the reverse segment can not be done, 
this leads to the necessity. Conversely, because of a graph not a tree, the graph has to be with 
a circuit, a tree-travel has at least one reflective edge. Because of no effect to other reflective 
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edges after doing reverse segment once for a reflective edge, reverse segment can always be 
done for successively (3 = (3(G) times, and hence this tree-travel is twist normal. Therefore, 
sufficiency holds. □ 

Lemma 4 Let C be obtained by doing reverse segment at least once on a tree-travel of a 
graph. Then the polyhegon [AjCJeg is nonorientable and its genus 

when C orientable; 

when C nonorientable. (6) 

Proof Although a tree-travel is orientable with genus 0 itself, after the first time of doing 
the reverse segment on what are obtained the nonorientability is always kept unchanged. This 
leads to the first conclusion. Assume C eg is orientable with genus g(C) (in fact, only g(C) = 0 
will be used!). Because of 

[AiCjeg = AfB-^C 

where [P 0 ,i]eg = A£, [P t j] e g = £ _1 P and [Py e ] eg = C , From (3.1.2) in [5] 

[A,:(7]e g —top ABCft;. 

Noticing that from Operation 0 in §3.3 of [5], C rseg —top ABC , Lemma 3.1.1 in [5] leads to 

fl([A*C] eg ) = 2 ff ([C] eg ) + 1 = 2 g(C) + 1. 

Assume A eg is nonorientable with genus g(C). Because of 

Ceg = AfC l BC - top ABC, 

5([A^C] eg ) = g(C) + 1. Thus, this implies the second conclusion. □ 

As a matter of fact, only reverse segment is enough on a tree-travel for determining the 
nonorientable maximum genus of a graph. 

Lemma 5 Any connected graph, except only for trees, has its Betti number as the nonori- 
entable maximum genus. 

Proof From Lemmas 3-4, the conclusion can soon be done. □ 

For a fc-tree travel Cr(V; e) on G, the graph Gr is defined as 

k 

G~ k = r|J[P ref -5>b}] (7) 

3 = 1 

where T is a spanning tree, [A] the induced graph of edge subset X, and e £ E le f and {e^, e' }, 
respectively, a reflective edge and that used for reverse segment. 

Theorem 2 A graph G can be embedded into a nonorientable surface of genus k if, and 
only if, G has a k-tree travel Cr(V',e) such that Gr is planar. 



ffdAfCleg) = 



2 g(C) + 1, 
9(C) + 1 , 
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Proof From Lemma 3, for k , 1 ^ k ^ /3(G), any connected graph G but tree has a k - tree 
travel. 

Necessity. Because of G embeddable on a nonorientable surface S). of genus k, let Jl{G) 
be an embedding of G on Sr. From Lemma 5, /1(G) has a spanning tree T with cotree edge 
set E 0 , |P 0 | = /3(G) — k, such that G = G — E 0 has exactly one face. By doing the inverse of 
reverse segment for k times, a fc-tree travel of G is obtained. Let K be a set consisted of the k 
cotree edges. From Operation 2 in §3.3 of [5], G^ = G — K = G — K + Eq is planar. 

Sufficiency. Because of G with a fc-tree travel Cj.(V;e), let K be the set of k cotree edges 
used for successively dong reverse segment. Since Gr = G — K is planar, by successively doing 
reverse segment for k times on Gy,(E ; e) in a planar embedding of Gy,, an embedding of G on a 
nonorientable surface Sr of genus k is then extracted. □ 

Example 5 On ^3,3, take a spanning tree T, as shown in Fig. 2(a) by bold lines. In (b), given 
a protracted tree T of T. From T, get a tree-travel 

G = 0P o ,ii2P 1M5 2P 15 , o 0 (= G 0 ) 

where Vo = vis and 

Po,n = c4S5S~ 1 4y3y- 1 4c~ 1 0d2e3/31/3~ 1 3e- 1 ; 

Pn,i5 = d~ 1 0alb5a; 

Pi5,o = a -1 56 -1 la -1 . 

Because of U15 = 2 as the reflective vertex of cotree edge a and vu = 175, 

A3G0 = OPi ; o,ii2Pl ; ii i i52Pi ; i5 ! oO (= Gi) 

where 

Pi ;0jll = P 0 ,n = c455<5“ 1 4737“ 1 4c“ 1 0d2e3/31/3“ 1 3e“ 1 ; 

Pi; 11,15 = Pfp 15 = a-^b-Ha^Od; 

Pl; 15,0 = Pl 5,0 = OL 1 5b 1 \a 1 . 

Since Gy = K 3 3 — a is planar, from Go we have its planar embedding 

/1 = [5Pi6,o0Po.20] eg = (b~ 1 a~ 1 cS); 

/2 = [3P 4l8 3]eg = (7 -1 c -1 cfe); 
h = [l J Pl3,145P 2 ,43P 8 ,9l]eg = (S-^pb); 
fi = [lP 9 ,i3l]eg = {P 1 e~ 1 d~ 1 a). 

By doing reverse segment on Go, get C\. On this basis, an embedding of K 33 on the projective 
plane(Le., nonorientable surface Sj of genus 1) is obtained as 

' fi = [5Pi ; i6,o0Pi ;O , 2 0]eg = fi = (b~ 1 a~ 1 cS)\ 

]i = [3Pi;4, 8 3]eg = h = (7 ~ 1 c~ 1 de); 

< /3 = [lPl;9,ll2Pl ; ll,13l]eg = le 1q; ^ X )i 
/ 4 = [0Pi ; i4 j i.52Pi ; i5 i i65Pl;2,43Pl;8,9lPl;13,140]eg 
= (da~ 1 6~ 1 'yf3a~ 1 ). 
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Fig. 2 



§4. Research Notes 

A. For the embeddability of a graph on the torus, double torus etc or in general orientable 
surfaces of genus small, more efficient characterizations are still necessary to be further con- 
templated on the basis of Theorem 1. 

B. For the embeddability of a graph on the projective plane( 1-crosscap), Klein bottle(2- 
crosscap), 3-crosscap etc or in general nonorientable surfaces of genus small, more efficient 
characterizations are also necessary to be further contemplated on the basis of Theorem 2. 

C. Tree-travels can be extended to deal with all problems related to embedings of a graph on 
surfaces as joint trees in a constructive way. 
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Abstract: For a positive integer k, let Q(n\ E 2 k+i) be the class of graphs on n vertices con- 
taining no two 2fc + 1-edge disjoint cycles. Let f(n\ E 2 k+\) = max{£(G) : G £ Q(n\ F^fc+i)}- 
In this paper we determine f(n;E 2 k+i) and characterize the edge maximal members in 
Q(n\ Evk+i) for k = 1 and 2. 

Key Words: Extremal graphs; Edge disjoint: Cycles, Smarandache-Turan graph. 
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§1. Introduction 

For our purposes a graph G is finite, undirected and has no loops or multiple edges. We denote 
the vertex set of G by V(G) and edge set of G by E(G). The cardinalities of these sets are 
denoted by v{G) and £(G), respectively. The cycle on n vertices is denoted by C n . Let G be 
a graph and u £ V(G). The degree of u in G, denoted by da(u), is the number of edges of G 
incident to u. The neighbor set of u in G is a subgraph H of G, denoted by Nh(u), consists of 
the vertices of H adjacent to u; observe that dcjiu) — \Nh(u)\. For a proper subgraph H of G 
we write G[V(H)\ and G-V(H) simply as G[H] and G — H respectively. 

Let Gi and G 2 be graphs. The union G\ U G 2 of G\ and G 2 is a graph with vertex set 
V(G\) U V(G 2 ) and edge set E{G\) U E(G 2 ). G\ and G 2 are vertex disjoint if and only if 
V(G\) n V(G 2 ) = 0; Gi and G 2 are edge disjoint if E(G\) D E(G 2 ) = 0- If Gi and G 2 are 
vertex disjoint, we denote their union by G\ + G 2 - The intersection G\ fl G 2 of graphs G 1 and 
G 2 is defined similarly, but in this case we need to assume that V{G\) fl V(G 2 ) ^ 0. The 
join G V H of two disjoint graphs G and H is the graph obtained from G± + G 2 by joining 
each vertex of G to each vertex of H . For a vertex disjoint subgraphs H\ and H 2 of G we let 
E(H 1 ,H 2 ) = {xyeE(G):x£V(H 1 ),yeV(H 2 )} and £{H U H 2 ) = \E{H U H 2 ) |. 

Let T\,T 2 be two graph families and n be a positive integer. Let G(n; T \ , T 2 ) be a 
Smarandache-Turan graph family consisting of graphs being -free but containing a subgraph 
isomorphic to a graph in T 2 on n vertices. Define 

f{n\FuT 2 ) =max{|£;(G)| : G £ G{n-,Ti,T 2 )}. 



1 Rec.eived August 25, 2010. Accepted February 25, 2011. 
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The problem of determining f(n;Fi,F 2 ) is called the Smarandache- Turan-type extremal prob- 
lem. It is well known that in case T 2 — l or T 2 = {edge} the problem is called the Turan-type 
extremal problem and abbreviated by f(n;F i) and the class by Q(n\T\). In this paper we 
consider the Turan-type extremal problem with the odd edge disjoint cycles being the forbid- 
den subgraph. Since a bipartite graph contains no odd cycles, we only consider non-bipartite 
graphs. For convenience, in the case when T\ consists of only one member C r , where r is an 
odd integer, we write 



G(n;r) = G(n; Fi), f(n;r ) = f(n\T i). 

An important problem in extremal graph theory is that of determining the values of the function 
f(n\T 1 ). Further, characterize the extremal graphs Q{n; T\) where /(n; F\) is attained. For a 
given r, the edge maximal graphs of f/(n;r) have been studied by a number of authors [1, 2, 3, 
6 , 7, 8 , 9, 11], 

Let Q{n\E 2 k+i) denote the class of graphs on n vertices containing no two (2k + 1)- edge 
disjoint cycles. Let 



f(n;E 2k + 1 ) = max{£(G) : G £ G(n-,E 2k + 1 )}- 

In this paper we determine f(n;E 2 k+ 1 ) and characterize the edge maximal members in for 
k = 1 and 2. Now, we state a number of results, which we use to prove our main results. 

Lemma 1.1 ( Bondy and Murty, [4]) Let G be a graph on n vertices. If £(G) > n 2 /4 ; then G 
contains a cycle of length r for each 3 < r < |_(n + 3)/2j . 

Theorem 1.2 (Brandt, [5]) Let G be a non-bipartite graph with n vertices and more than 
[(n — l) 2 /4+ lj edges. Then G contains all cycles of length between 3 and the length of the 
longest cycle. 

Let Q* (n) denote the class of graphs obtained by adding a triangle, two vertices of which 
are new, to the complete bipartite graph Ari( n _ 2 )/ 2 j,|'(n- 2 )/ 2 ] • F° r an example of G*(n), see 
Figure 1. 

Theorem 1.3 ( Jia, [10]) Let G £ G(n; 5), n > 10 . Then 

E(G) < [(n - 2) 2 /4j + 3. 

Furthermore, equality holds if and only if G £ Q* (n) . 

In this paper we determine f(n,E 2 k+ 1 ) and characterize the edge maximal members in 
G(n, E 2 k+i) for k = 1,2, which is the first step toward solving the problem for each positive 
integer k. 

§2. Edge-Maximal C 3 -Disjoint Free Graphs 

In this section we determine f(n , E 3 ) and characterize the edge maximal members in Q(n , E 3 ). 
We begin with some constructions. Let Ll(G) denote to the class of graphs obtained by adding 
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V 




Figure 1: The figure represent a member of Q*(n). 



an edge to the complete bipartite graph K\ n / 2 \ r n / 2 ] ■ Figure 2 displays a member of 12(G). 
Observe that 12(G) C g(n,E 2 k+ 1 ) and every graph in f2(G) contains |_7T. 2 / 4 J + 1 edges. Thus, 
we have established that 

f(n-E 2k +i) > |y7 4 J + 1 (!) 

We now establish that equality (1) holds for k = 1. Further we characterize the edge maximal 
members in Q(n; E 3 ). 




Figure 2: The figure represents a member of 12(G). 



In the following theorem we determine edge maximum members in G(n\Ez). 
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Theorem 2.1 Let G £ Q(n;E 3 ). For n > 8 , 

f(n; E 3 ) < [n 2 / 4j + 1. 

Furthermore, equality holds if and only if G £ 12(G) . 



Proof Let G £ Q(n,E 3 ). If G contains no cycle of length three, then by Lemma 1.1, 
£{G) < |_7T. 2 / 4j . Thus, £{G) < |_?i 2 / 4 J + 1. So, we need to consider the case when G has cycles 
of length 3. Let xyzx be a cycle of length 3 in G. Let H = G — {xy,xz,yz}. Observe that H 
cannot have cycles of length 3 as otherwise G would have two edge disjoint cycles of length 3. 
To this end we consider the following two cases. 

Casel: H is not a bipartite graph. Since H contains no cycles of length 3, by Theorem 1.2, 

£(G) < |_(n — l) 2 /4j + 1. 

Now, 



£{H) = £(£0+3 



for n > 8. 

Case 2: H is a bipartite graph. Let X and + be the bipartition of V ( H ). Thus, £{H) < |X| |+|. 
Observe |X| + |Yj = n. The maximum of the above is when |X| = |_rz / 2J and |Yj = [n/2]. 
Thus, £(G) < [n 2 /4j . Now we divide our work into two subcases. 

Subcase 2.1. All the edges xy,xz , and yz are edges in on of X and Y, say in X. Observe 
that for any two vertices of Y, say u and v, we have that £({x,y, z}, {it,v}) < 5 as otherwise 
G would have two edge disjoint cycles of length 3. Thus, £({x, y, z}, Y) < 2|+| + 1. Now, 

£{G) = £{X - {x,y,z},Y) +£({x,y,z},Y) +£{{x,y,z}) 

< (|X|-3)|T| +2|T| + l + 3 

< i^im-m+4< (ixi-i)|y|+4. 



< 



(«- !) 



+ 4 < 



Observe |X| + |+| = n. The maximum of the above equation is when |X| 
|+| = |-(n-l)/2l, Thus, 



£{G)< 



(n — l ) 2 
4 



+ 4 < 




+ 1 . 



L(n + 1)/2J and 



Subcase 2 . 2 . At most one of xy,xz and yz is an edge in X and +. So, 



£(G) = £(H) + 1 < 



+ 1 . 



This completes the proof of the theorem. □ 

We now characterize the extremal graphs. Through the proof, we notice that the only time 
we have equality is in case when G obtained by adding an edge to the complete bipartite graph 
K\n/2\,\n/2-\- This gives rise to the class 12(G). 
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§3. Edge-Maximal C 5 -Disjoint Free Graphs 



In this section we determine /(n; E^k+i) and characterize the edge maximal members in Q(n; E 2 k+ 1) 
for k = 2. We now establish that equality (1) holds for k = 2. Further we characterize the 
edge maximal members in Q(n;E 5). To do that we employ the same method as in the above 
theorem 



Theorem 3.1 Let G £ Q{n,E 3 ). For n > 9, 

f(n; E 5 ) < [n 2 / 4j + 1. 

Furthermore, equality holds if and only if G £ f 1(G). 

Proof Let G £ Q(n\E 3 ). If G does not have a cycle of length 5, then by Lemma 1.1, 
£{G) < |n 2 /4| . Thus, £(G) < |_?i 2 / 4 J + 1. Hence, we consider the case when G has cycles 
of length 5. Assume X\X 2 ■ ■ -X 3 X\ be a cycle of length 5 in G. As in the proof of the above 
theorem, we consider H = G — {e\ = X\X 2 , = x 2 x 3 , ■ • • , es = x^X\). Observe that Ft cannot 

have 5-cycles as otherwise G would have two 5 - edges disjoint cycles. Now, we consider two 
cases. 

Case 1: H is not a bipartite graph. Then, by Theorem 1.3, we have 

£(H) < [(n — 2) 2 /4j + 1. 

Now, 



£{G) = £{H)+ 5 
(n — 2) 2 



< 



for n > 9, we have 



£{G)< 



+ 8 < 



n 

T 



n 

T 



— n + 9, 



Case 2: H is a bipartite graph. Let X and Y be the bipartition of V(H). Thus, £{G ) < 



|Aj|y|. Observe |X| + | Y 
\n/2\. Thus, £{G) < 



= n. The maximum of the above is when |X| = |yi/2j and |T| = 
. Now, we consider the following subcases. 



Subcase 2.1. One of X and Y contains two edges. Observe that those two edges must be 
consecutive, say ei and e%. Let z be a vertex in X. If |A f y(xi)nAV(2;2)nAy(;E3)nA r (z)| > 4 ; 
then G contains two 5 edges disjoint cycles. Thus, 



£({xi,x 2 ,x 3 ,z},Y) < 3\Y\ + 3. 



So, 



£(G) = £(X - xi,x 2 ,x 3 ,z},Y) + £(x 1 ,x 2 ,x 3 ,z},Y) +£(X) +£(Y) 

< (\X\ -4)|y| + 3|F| + 3 + 2 + 3 

< |x||y| - |y| + 8 < (\x\ - i)|y| + 8 
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Observe |X| + \Y\ = n. 

1*1 -1 = L^J- Thus ’ 



The maximum of the above equation is when \Y\ 



£{G)< 



( n — l ) 2 
4 



+ 8 



For n > 9, we have 



£{G)< 




+ 1 . 



'2=i] and 



Subcase 2.2. £{X) = 1 and £{Y) = 0 or £(X) = 0 and £(Y) = 1. Then 



£{G) < £{H) + 1 < 




+ 1 



This completes the proof of the theorem. □ 

We now characterize the extremal graphs. Through the proof, we notice that the only time 
we have equality is in case when G obtained by adding an edge to the complete bipartite graph. 
This gives rise to the class C2(G). 
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Abstract: In this paper, the definition of the Mannheim partner curves in Galilean space 
G 3 is given. The relationship between the curvatures and the torsions of the Mannheim 
partner curves with respect to each other are obtained. 
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§1. Introduction 

The theory of curves is a fundamental structure of differential geometry. An increasing interest 
of the theory curves makes a development of special curves to be examined. A way for clas- 
sification and characterization of curves is the relationship between the Frenet vectors of the 
curves. The well known of such curve is Bertrand curve which is characterized as a kind of 
corresponding relation between the two curves. A Bertrand curve is defined as a spatial curve 
which shares its principal normals with another spatial curve (called Bertrand mate). Another 
kind of associated curve has been called Mannheim curve and Mannheim partner curve. A 
space curve whose principal normal is the binormal of another curve is called Mannheim curve. 
The notion of Mannheim curve was discovered by A. Mannheim in 1878. The articles concern- 
ing Mannheim curves are rather few. In [1], R. Blum studied a remarkable class of Mannheim 
curves. O. Tigano obtained general Mannheim curves in Euclidean 3-space in [2]. Recently, 
H.Liu and F. Wang studied the Mannheim partner curves in Euclidean 3-space and Minkowski 
3-space and obtained the necessary and sufficient conditions for the Mannheim partner curves 
in [3]. On the other hand, a range of new types of geometries have been invented and devel- 
oped in the last two centuries. They can be introduced in a variety of manners. One possible 
way is through projective manner, where one can express metric properties through projective 
relations. For this purpose a fixed conic in infinity is taken and all metric relations with respect 
to the absolute. This approach is due to A. Cayley and F. Klein who noticed that due to 
the nature of the absolute, various geometries are possible. Among this geometries, there are 
also Galilean and pseudo-Galilean geometries. They are very important in physics. Galilean 
space-time plays the same role in non relativistic physics. The Geometry of the Galilean space 



1 Rec.eived October 12, 2010. Accepted February 26, 2011. 
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G3 has treated in detail in Roschel’s habilitiation, [ 4 ], Furthermore, Kamenarovic and Sipus 
studied about Galilean space, [ 5 ]- [6]. The properties of the curves in the Galilean space are 
studied [ 7 ]- [ 9 ]. The aim of this paper is to study the Mannheim partner curves in Galilean 
space G 3 and give some characterizations for this curves. 

§ 2 . Preliminaries 

The Galilean space G3 is a Cayley-Klein space equipped with the projective metric of signature 
( 0 , 0 ,+,+), as in [ 10 ]. The absolute figure of the Galilean Geometry consist of an ordered triple 
{w,f,I}, where w is the ideal (absolute) plane, / is the line (absolute line) in w and I is the 
fixed elliptic involution of points of /, [ 5 ]. In the non-homogeneous coordinates the similarity 
group H$ has the form 



x = an + ai 2 a; 

y = CI21+ CI22X + 0,23V cos + + a 23Z sin ip ( 2 . 1 ) 

~z = a 31 + O32X — 023V Sm + + +232 COS ip 



where a.y and ip are real numbers, [ 7 ]. 

In what follows the coefficients a\2 and 023 will play the special role. In particular, for 
012 = 023 = 1 , ( 2 . 1 ) defines the group Bq C H s of isometries of Galilean space G3. 

In G3 there are four classes of lines: 



i) (proper) non-isotropic lines- they don’t meet the absolute line /. 

ii) (proper) isotropic lines- lines that don’t belong to the plane w but meet the absolute 
line /. 

in) un-proper non- isotropic lines-all lines of w but /. 
iv) the absolute line /. 

Planes x =constant are Euclidean and so is the plane w. Other planes are isotropic, [6]. 
The Galilean scalar product can be written as 



< u 1, U2 >= 



X1X2 , if x 1 / 0 V i 2 / 0 
i/iJ/2 + 2122 , if x 1 = 0 A x 2 = 0 



where iq = (x±, 2/1, 21) and u 2 = {x2,V2, 2 2 ). It leaves invariant the Galilean norm of the vector 
u = ( x , y, z ) defined by 



" " \ 

Let cc be a curve given in the coordinate form 



x 0 
x = 0. 



a : 7 — > G 3 , ICR 
t ->■ a(t) = {x{t),y{t),z(t) 



(2.2) 



where x(t),y(t), z(t) G G 3 and t is a real interval. If x'(t) ^ 0 , then the curve a is called 
admissible curve. 
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Let a be an admissible curve in G3 parameterized by arc length s and given by 



«(s) = (s,y(s),z{s)) 



where the curvature k(s) and the torsion r(s) are 



-.(s) = V s"*(*) +*"*(*) and rM = dat[a , W ,a'-M.a"'M] | 

K (Sj 



(2-3) 



respectively. The associated moving Frenet frame is 



T(s) = a'(s) = (l,y'(s),z’(s)) 

N ( s ) = i^J a '( s ) = (°>y"( s )> z "( s )) ( 2 - 4 ) 

B(s) = ^(0,-z"(s),y"(s)). 

Here T, N and B are called the tangent vector, principal normal vector and binormal vector 
fields of the curve a, respectively. Then for the curve a , the following Frenet equations are given 

by 



T'(s) = k{s)N(s ) 

N'(s) = t(s)B(s) (2.5) 

B'(s) = —t(s)N(s) 

where T, N , B are mutually orthogonal vectors, [6] . 

§3. Admissible Mannheim Curves in Galilean Space G 3 

In this section, we defined the admissible Mannheim curve and gave some theorems related to 
these curves in G3. 

Definition 3.2 Let a and a* be an admissible curves with the Frenet frames along {T,N,B} 
and {T * , N * , B*} , respectively. The curvature and torsion of a and a* , respectively, k(s),t(s) 
and k*(s),t*(s) never vanish for all s € I in G3. If the principal normal vector field N of a 
coincidence with the binormal vector field B* of a* at the corresponding points of the admissible 
curves a and a*. Then a is called an admissible Mannheim curve and a* is an admissible 
Mannheim mate of a. Thus, for all s £ I 

a* (s) = a(s) + X(s)N(s). (3-1) 



The mate of an admissible Mannheim curve is denoted by (a, a*), (see Figure 1). 




A Note an Admissible Mannheim Curves in Galilean Space G 3 



91 




Theorem 3.1 Let (a, a*) be a mate of admissible Mannheim pair in G 3 . Then function A is 
constant. 

Proof Let a be an admissible Mannheim curve in G 3 and a* be an admissible Mannheim 
mate of a. Let the pair of a(s) and a*(s) be corresponding points of a and a*. Then the curve 
a*(s) is given by (3.1). Differentiating (3.1) with respect to s and using Frenet equations, 

ds* 

T*— = T + X'N + A tB (3.2) 

ds 

is obtained. 

Here and here after prime denotes the derivative with respect to s. Since N is coincident 
with B* in the same direction, we have 



A'(s) = 0, (3.3) 

that is, A is constant. This theorem proves that the distance between the curve a and its 
Mannheim mate a* is constant at the corresponding points of them. It is notable that if a* 
is an admissible Mannheim mate of a. Then a is also Mannheim mate of a* because the 
relationship obtained in theorem between a curve and its Mannheim mate is reciprocal one. □ 

Theorem 3.2 Let a be an admissible curve with arc length parameter s. The curve a is an 
admissible Mannheim curve if and only if the torsion t of a is constant. 

Proof Let (a, a*) be a mate of an admissible Mannheim curves, then there exists the 
relation 



T(s) = cos 9T*(s) + sin 9N*(s) 
B(s) = — sin 9T*(s) + cos 9N*(s) 



(3.4) 



and 



T*(s) = cos 9T(s) — sin 9B{s) 
N* (s) = sin 0T(s) + cos 0B (s) 



(3.5) 
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where 9 is the angle between T and T* at the corresponding points of a(s) and a*(s), (see 
Figure 1). 

By differentiating (3.5) with respect to s, we get 

T * B *d£ = ^2^2 T + sin 9kN + cos OtN + ^£21£1b. (3.6) 

Since the principal normal vector field N of the curve a and the binormal vector field B* of its 
Mannheim mate curve, then it can be seen that 6 is a constant angle. 

If the equations (3.2) and (3.5) is considered, then 

At cot 9 = 1 (3.7) 

is obtained. According to Theorem 3.1 and constant angle 9, u = Acotd is constant. Then 
from equation (3.7), r = ^ is constant, too. Hence the proof is completed. □ 



Theorem 3.3(Schell’s Theorem) Let (a, a*) be a mate of an admissible Mannheim curves with 
torsions r and t* , respectively. The product of torsions r and t* is constant at the corresponding 
points a(s) and a*(s). 

Proof Since a is an admissible Mannheim mate of a *, then equation (3.1) also can be 
given by 



a = a* - A B*. 

By taking differentiation of last equation and using equation (3.4), 

t* = j tan 9 

can be given. By the helps of (3.7), the equation below is easily obtained; 

tt* — ta "7' ; = constant 

This completes the proof. 



(3.8) 



(3.9) 



(3.10) 

□ 



Theorem 3.4 Let (a, a*) be an admissible Mannheim mate with curvatures k, k* and torsions 
r, r* of a and a*, respectively. Then their curvatures and torsions satisfy the following relations 



ii) k = sin 9 
in) t = —t* cos 9. 



Proof i) Let us consideration equation (3.4), then we have 

< T,T* >= cos<2. (3.11) 

By differentiating last equation with respect to s* and using the Frenet equations of a and 
a*, we reach 



< k(s)N(s)^,T*(s) > + <T(s),k*(s)N*(s) >=-sin 9$. 



(3.12) 
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Since the principal normal N of a and binomial B* of a* are linearly dependent. By 
considering equations (3.4) and (3.12), we reach 

«*(») = -$• ( 3 - 13 ) 

If we take into consideration < T,B* >, < B,B* > scalar products and (2.5), (3.4), (3.5) 
equations, then we can easily prove ii) and in) items of the theorem, respectively. 

The relations given in ii) and Hi) of the last theorem, we obtain 

K 

— = — tan 0 = constant. 

T 

□ 
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Abstract: Let K k ,n be a complete fc-partite graph of order n and let K'k~ be a generalized 
complete fc-partite graph of order n spanned by the fan set & = {F ni , F „ 2 , • • • , F„ k }, where 
n = (ni, 712 , • • • , nk} and n = n\ + ri 2 + ■ • • + nk for 1 ^ h ^ n. In this paper, we get the 
number of spanning trees in Kk,n to be 

k 

t(K k ,n) = n k ~ 2 JJ(n - iny n '~*i 

i= 1 

and the number of spanning trees in K kli to be 



i / jy \ 2k — 2 

t{K k ,n) = n 



n 



rii — 1 nrii — 1 

a i ~Pi 

Oii - pi 



where on = ( di + yd? — 4)/2 and Pi = (di — y/ d% — A)/2,di — n — rn + 3. In particular, 
= K„ with t(A'i,n) = 0, K n jz = K n with t(K Hy n) = n n ~ 2 which is just the Cayley’s 
formula and Kf2 = F n with t(KfF) = (a 71-1 — P n ~ 1 )/V 5 where a = (3 + \/5)/2 and 
P = ( 3 — v^5)/2 which is just the formula given by Z.R.Bogdanowicz in 2008. 



Key Words: Connected simple graph, fc-partite graph, complete graph, tree, Smarandache 
(Ei, I? 2 )-number of trees. 

AMS(2010): 05C10 



§1. Introduction 



Graphs considered here are simple finite and undirected. A graph is simple if it contains neither 
multiple edges nor loops. A graph is denoted by G = (V (G), E(G )) with n vertices and m edges 
where V(G) = {v\,V 2 , ■ • • , v n } and E(G) = {ei, ei, • • • , e m } denote the sets of its vertices and 
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edges, respectively. The degree of a vertex v in a graph G is the number of edges incident with 
v and is denoted by d(v) = dc(v). 

For simple graphs G,; = ( Vi(G ), £,;(G)) with vertex set V. = {vn, Va, ■ • • , Vi ni }, the empty 
graphs of order n,: are denoted by N ni = (Vi, (j>), i = 1, 2, • • • , k. A complete /c-partite graph 
Kk,n = K ni ,n 2 ,-- ,n k = >Vk, E) is said to be one spanned by the empty graph set 

W = {N ni ,N n2 ,- ■ ■ ,N nk }, denoted by AT^ n2 ... nfc or where n = {m,n 2 ,- • • ,n k }. 

In generally, for the graph set Sf = {G ni , G„ 2 , • • • , G nk }, the graph 

Kk,n = Kj^n U G ni U G„ 2 U • • • U Gn k (1) 

is said to be a generalized complete k-partite graph spanned by the graph set Sf . 

For all graph theoretic terminology not described here we refer to [1]. Let G be a connected 
graph and E\, E 2 C E(E) with E\ ^ £ 2 - The Smarandache (£ 1 , E 2 ) -number t s (Ei, E 2 ) of trees 
is the number of such spanning trees T in G with E(T)C\Ei 7^ 0 but E(T)nE 2 = 0. Particularly, 
if Ei = E(G) and £2 = 0, i.e. , such number is just the number of labeled spanning trees of a 
graph G, denoted by t{G). For a few special families of graphs there exist simple formulas that 
make it much easier to calculate and determine the number of corresponding spanning trees. 
One of the first such results is due to Cayley [2] who showed in 1889 that complete graph on n 
vertices, K n , has n n ~ 2 spanning trees. That is 

t{K n ) = n n ~ 2 for n ^ 2. (2) 

Another result is due to Sedlacek [3] who derived in 1970 a formula for the wheel on n + 1 
vertices, W n + 1 , which is formed from a cycle C„ on n vertices by adding a new vertex adjacent 
to every vertex of C n . That is 

t(W n+ i) = (— — ) n + (— — )" — 2 for n> 3. (3) 

Sedlacek [4] also later derived a formula for the number of spanning trees in a Mobius 
ladder, M n , is formed from a cycle C 2 n on 2 n vertices ladder v\, V 2 , ■ ■ ■ , V 2 n by adding edges 
ViVn+i for every vertex where i ^ n. That is 

t(M n ) = |[(2 + \/3)" + (2-v/3)" + 2] for n ^ 2. (4) 

In 1985, Baron et al [5] derived the formula for the number of spanning trees in a square 
of cycle, C 2 , which is expressed as follows. 

t(C%) = n£_{n}, 5, (5) 

where £_{n} is the ?i’th Fibonacci Number. Similar results can also be found in [6]. 

The next result is due to Boesch and Bogdanowicz [7] who derived in 1987 a formula for 
the prism on 2 n vertices, R ni which is formed from two disjoint cycles C n with vertex set 

V (C n ) = {fi, V 2 , ■ ■ ■ , v n } and C' n with vertex set V (C' n ) = {v'i , v’ 2 , ■ ■ ■ , v' n } by adding all edges 

of the form Viv[. That is 

t(R n ) = |[(2 + V3) n + (2 - V3) n - 2] for n ^ 3. 



(6) 




96 



Junliang Cai and Xiaoli Liu 



In 2007, Bleller and Saccoman [8] derived a formula for a threshold graph on n vertices, 

T„, which is formed from that for all pairs of vertices u and v in T„, N(u) — v C N(v) — u 

whenever d(u) ^ d(v). That is 

k s — 1 

t (T n )=i[d? i n (d j + ir(d W+ D^-Hd. + ir- 1 , (7) 

2=1 j—k-\- 2 

where d(T n ) = (d^ ll \ d^ 2 \ ■ ■ ■ , di n,, ' > ) is the degree sequence of T n , di < d*+i for * = 1, 2, ■ ■ ■ , s— 
1, k = and s = Z(mod 2). 

In 2008, Bogdanowicz [9] also derived a formula for an n - fan onn+1 vertices, F n+ 1 , which 
is formed from a ?r-patlr P n by adding an additional vertex adjacent to every vertex of P n . That 
is 

= for 2. (8) 

In this paper it is proved that: Let Kk t n be a complete fc-partite graph of order n where 

the vector n = {ni, ri 2 , • • • , n*,} and n = n\ + ri 2 + • • • + «.& for 1 ^ k ^ n, then the number of 

spanning trees in Kk,n is 

k 

t(I<k,n) = n k ~ 2 JJ(n - rii) ni ~ 1 . (9) 

2=1 

Moreover, let K^— be a generalized complete fc-partite graph of order n spanned by the 
fan set & = {F ni , F n2 , • • • , F„, k } where n = {ni, 712 , ■ ■ ■ , rik} and n = n\ + ri 2 + • • • + Uk for 
1 ^ k ^ n, then the number of spanning trees in K is 



f(tffn) = n 



2k— 2 



n 

2=1 



a- 



-Pi 



-Pi 



(10) 



where on = (d, + \J ctj — 4)/2 and /3* = (dj — i/df — 4)/2,d* = n — rq + 3. 

In particular, from (9) we can obtain K\ n = K ° with t(K^) = 0 and AT,,^ = AT„ with 
t(K n ) = n™ -2 which is just the Cayley’s formula (2). From (10) we can also obtain = A„ 
with t{KfP) = (a n_1 — /3 n_1 )/\/ 5 where a = |(3 + \/5) and /? = |(3 — \/5) which is the formula 
(8), too. 



§2. Some Lemmas 

In order to calculate the number of spanning trees of G, we first denote by A(G), or A = 
(O'ij)nxr t> the adjacency matrix of G, which has the rows and columns corresponding to the 
vertices, and entries = 1 if there is an edge between vertices V{ and Vj in 1 7(G), a,y = 0 
otherwise. 

In addition, let D(G ) represent the diagonal matrix of the degrees of the vertices of G. We 
denote by id(G), or H = ( hij ) nxn > the Laplacian matrix (also known as the nodal admittance 
matrix ) D{G) — A(G) of G. From H(G) = D(Gj — A{G ), we can see that ha = d{vi) and 
hij = -a,ij if i ± j. 
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A well-known result states the relationship between the number of spanning trees of a 
graph and the eigenvalues of its nodal admittance matrix: 

Lemma 2. 1 ( [10] ) The value of t(G), the number of spanning trees of a graph G, is related to 
the eigenvalues Ai(G), A 2 (G), • • • , A n (G) of its nodal admittance matrix H = H(G) as follows: 

1 n 

t(G) = -TTa^g), 0 = A 1 (GKA 2 (GK...<A„(G). (11) 

n - LJ - 

i = 2 



A classic result of Kirchhoff can be used to determine the number of spanning trees for G. 
Next, we state the well-known theorem of Kirchhoff: 

Lemma 2. 2 (Kirchhoff ’s Matrix-Tree Theorem, [11]) All cofactors of H are equal and their 
common value is the number of spanning trees. 

Lemma 2.3 Let b > 2 be a constant, then the determinant of order in 

1 1 1 ••• 1 

— 16—10 : 

0 0 

: 0-16 -1 

0 ••• 0 -1 6-1 



a m -f3 m 
a — (3 ’ 



(12) 



where a = (6 + \/6 2 — 4)/2, (3 = (6 — \/6 2 — 4)/2. 

Proof Let a m stand for the determinant in (12) as above, by expending the determinant 
according to the first column we then have 



1 1 1 
- 16-10 
0 



1 



0 



where 



Cm — 



: 0-16 -1 
0 ••• 0 -1 6-1 

6-10 ••• 0 
- 16-10 
0 0 

0-16 -1 
0 ••• 0 -1 6-1 



— C m — 1 T flm-lj 



(13) 



— bc m — 1 Cm— 2 



(14) 



in which cq = 1, ci = 6 — 1 and c 2 = b 2 — 6 — 1. 
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Constructing a function as follows: 

/(*) = £ 



(15) 



then 



i.e. 



m^O 

f(x) = 1 + (6 - l)x + X) c mX m 

2 

= 1 + (6 - l)x + (bCm- 1 - c m - 2 )x m 

m^2 

= 1 + (b — l)x + bx{f{x) — 1) — x 2 f(x), 

m+1 _i_ om 
' A-' 



/(*) = t^£^ = £ 



a 



x 2 — bx + 1 ^ 1 + a 

m^O 



(16) 



where a = (b + Vb 2 — 4)/2 and /3 = (6 — \/b 2 — 4) /2 which is just the two solutions of the 
equation ar — bx + 1 = 0. 

Thus, from (11.4) and (11.5) we have 



Cm — 



a m+ 1 + (3 m 
1 + a 



Since 



03 = 



1 1 1 
-1 b -1 
0 -1 6-1 



— b — 1 — C 2 + Ci + Cq, 



(17) 



(18) 



from (11. 2), (11. 6) and (11.7) we can obtain that 

m— 1 m— 1 

C'm — ^ ^ Cfc = ^ ^ 



mi ml ak+1 + p k aTn _ 



fc= 0 



fc =0 



1 + a 



a — (3 



§3 Complete Multipartite Graphs 

For a complete fc-partite graph K kt n of order n where the vector n = {n\,n 2 , - ■ ■ , n k } and 
n = rii + n 2 + • ■ ■ + n k for 1 ^ k ^ n with n\ ^ n 2 ^ ^ n k . Let V (K k ,n) = Vi U V 2 U • • • U V*, 

be the k partitions of the graph Kk,n such that \V,\ = n,; for i = 1, 2, • • • , k. It is clear that for 
any vertex v t £ Vi, d(vi) = n — rii for i = 1, 2, • • • , k. So the degree sequence of vertices in K k ^i 

d{Kk,n) = ((n-m) ni ,(n-n 2 )”V-- , (n-n fc )" fc ). (19) 

Now, let Ei be an identity matrix of order i, Ii X j = (l)j X j a total module matrix of order 
i x j and Oi X j = (0)j X j a total zero matrix of order i x j . Then the diagonal block matrix of 
the degrees of the vertices of K k corresponding to (12) is 

E(K k ji} = [Dij^ kxk , 



( 20 ) 
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where Du = (n — rii)E ni and Djj = O niXn j when i ^ j for 1 st i,j st k. The adjacency matrix 
of Kk,rt corresponding to (19) is 

A(Kk,n) = (■ Aij)kxk , (21) 

where An = O ni and Ay = I ni xnj when i ^ j for 1 k. 

Thus, we have from (13) and (14) the Laplacian block matrix (or the nodal admittance 
matrix ) of AA,n 

H(K k ,n) = D(K k ,n) - A(K kt „) = (flij)fcxfc, (22) 

where Hu = (n — rii)E ni and iLy = —I niX nj when i ^ j for 1 ^ i, j k. □ 

Theorem 3.1 Let Kk t n be a complete k-partite graph of order n where the vector n = 
{ni,ri 2 ,--- , rifc} and n = n\ + + • • • + n k for 1 ^ k ^ n with n\ ^ n 2 ^ ^ n k - 

Then the number of spanning trees of K k ,n is 

k 

t{K k ,n) = n k ~ 2 JJ(n - n i ) ni ~ 1 . (23) 

»= i 

Proof According to Lemma 2.1, we need to determine all eigenvalues of nodal admittance 
matrix H(Kk,n) of Kk,n- From (15) we can get easily the characteristic polynomial of H(Kk,n) 
as follows: 



\H{K km ) - \E\ = 



(n - rn - A )E ni 


IniXn 2 


In lX nk 


In 2 xni 


(n - n 2 - A )E n2 ■ 


f 712 X n k 


In k xni 


— InkXn 2 


-< 

e 

1 

£ 



(24) 



Since the summations of entries in every column in \H(Ki~ n) — XE\ all are — A, by adding 
the entries of all rows other than the first row to the first row in | H(K k ,n) — AA|, all entries of 
the first row then become —A. Thus, the determinant becomes 



\H(K\n) - XE\ = 



where 



H+ 



-A 



A 12 X 711 n-2 A )E n 



-I, 



n 2 xn k 



A, 



n k xn 1 






n k xn 2 



( n-n k - A )E n 



< = 



O 



I\x(m-\) 

(n - n ± - \)E (ni _ 1) 



(25) 



(ni — l)x 1 



n 1 xn 1 



( 26 ) 
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and the stars in (18) stand for the matrices with all entries in the first row being 1. By 
adding the entries in the first row to the rows from row m + 1 to row n in the determinant 
(18), it then becomes 



| H(K ktn ) - XE\ = 



-A 



H+ 



On,2 X Til {lI ^2 A)-£/ n2 “I” 



o. 



n 2 xn k 



o 



n k xn i 



o. 



n k xn 2 



(n - rife - A )E nk + I n 



i.e. 



\H(K k , w )-XE\ = -X\H+\ H \(n-n i -X)E ni +I ni \. 
From (19) we have 

= (n — n i — A) ni_1 . 



\H+ | = 



1 hxni 

On ixi (n — ni — X)E ni 



For 1 < * k we have 

| (n 77-2 X)E ni I ni | = 



« - A (n- A)/! 

I(ni— l)xl X)E ni ^i + Im — 1 



(27) 



(28) 



i.e. 



- ni - A)£ ni + J„ 4 1 = (n - A) 



1 Ax(ni-l) 

0{ni— i)xi X)E ni —i 



= (n — A)(n — rii — X) ni 1 . 

By substituting (21), (22) to (20) we have 

k 

- XE\ = -A(n - A) fc ” 1 [](n - n< - A) n ‘ _1 . 

So, from (23) we derive all eigenvalues of H(Kk,n ) as follows: Ai = 0 and 
(rii — l)-multiple roots Aj+i^A'fcjj) = n — rii, « = 1, 2, • • • , fc; 

(fc — l)-multiple root X n (K k ^) = n - 
By substituting (24) to (11) we have 

1 n k 

t(K ki n) = -JJa i{K k ,n) = n k ~ 2 JJ(n — n*)" 4-1 - 



(29) 



(30) 



(31) 



i = 2 



2=1 



(32) 
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This is just the theorem. □ 

Corollary 3.2 (Cayley’s formula) The total number of spanning trees of complete graph K n 
is 

t(K n ) = n n ~ 2 . (33) 

Proof Let k = n, then n\ = 112 = ■ ■ ■ = n n = 1 and K n ^ = K n . By substituting it to (25) 
we then have 

n 

t(K n ) = t(K n , n) = n "' 2 n<» - 1 )° = n ” _2 - D 

2=1 



§3. Generalized Complete Multipartite Graphs 

For a generalized complete /c-partite graph Kjf— of order n spanned by the fan set & = 
{F ni , F n2 , • • • , F nk } where n = n\ + ?i 2 + • • • + Uk with m ^ ^ ^ n k for 1 ^ k ^ n. It is 

clear that the degree sequence of vertices of the fan F ni in Kf- 

d(F ni ) = (n — Hi + 2 , (n — n, + 3) ni ~ 3 , n - ni + 2, n — 1) (34) 

for i = 1, 2, • • • , k. So the degree sequence of vertices of Kf- is 

d(K%) = (d(F ni ),d(F n2 ),-. ■ ,d(F nk )). (35) 

Now, the diagonal block matrix of the degrees of the vertices of corresponding to (28) 
is 

D(K £„) = (D t ,) kxk , (36) 

where from (27) we have 

Du = diag{n — n* + 2, n — rij + 3, • • • , n — n* + 3, n — + 2, n — 1} (37) 

and Djj = O niXnj when i ^ j for 1 ^ i,j ^ k. 

The adjacency matrix of K^~ corresponding to (28) is 

A(K^) = (AjOfcxfc, (38) 

where 

1 0 1 
1 0 

Au — 

0 

\ 1 1 " ' 1 

and Aij = I niXnj when i ^ j for 1 < i,j < k. 



l\ 
1 



( 39 ) 
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Thus, we have from (29) ~ (32) the Laplacian block matrix (or the nodal admittance 
matrix ) of Kf- 



H(K*) = D(K*) - A(K*) = (Hijhxk, 



(40) 



where 



Hof — U ff — 



/ di- 1 -1 

-l di -1 






V 



-1 di -1 

-1 di - 1 -1 

-1 ••• -1 n-1 J 



with di = n — rii + 3 and Hjj = -/ njXn , when i ^ j for 1 ^ i,j ^ k. 



(41) 



Theorem 4.1 Let K be a generalized complete k-partite graph of order n spanned by the 
fan set & = {F ni , F n2 , • • • , F nk } where n = {rii, ri 2 , • • • , n^} and n = n\ + 712 + • • • + rik for 
1 ^ k ^ n, then the number of spanning trees in is 






2k— 2 



n 



a- 



-p- 



-Pi 



(42) 



where on = (di + \J d? — 4) /2 and /3* = (di — i/df — 4)/2,dj = n — Hi + 3. 

Proof According to the Kirchhoff’s Matrix-Tree theorem, all cofactors of H(K^~) are 
equal to the number of spanning trees t.(Kf-). Let H*(K^~) be the cofactor of H(Kf-) 
corresponding to the entry h nn of H(K^jf), then 






Hu 


dniXrii 


drux(n k -l) 


IriiXni 


Hu 


—driiX(n k - 1) 


^(n fe -l)xni 


— I(n k -l)xm 


JT * 

H kk 



(43) 
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where 



( 4-1 -1 
-l 4 -l 



TT* 

n kk ~ 



V 



-l 4 -1 

-l 4-1 J 



(44) 



(n k -l)x(n k -l) 



Since the summations of entries in every column in \H*(Kjf—)\ all are 1 by adding the 
entries of all rows other than the first row to the first row in \H*{K^ 1Z )\ the entries of the first 
row become 1. By adding the entries in the first row to the rows from row ni + 1 to row n — 1 
in the last determinant, it becomes from (36) and (37) 



#*«n) I = 



H* 



O 



ni xn i 



H-ii 4“ 4i 



H(nfc-l)xni * ' * Ofn.i.— 



(nt-l)xi 



Hi 



nk - 1 



i.e. 



where 



t(K^) = \H*(K%)\ = | H* ni \ ■ [] | H u + I ni | • | H* nk ^l 



l<i<k 



l l l 



l l 





—1 4 


-1 




1 — 1 


H* ni \ = 




• i — 1 

• • 


d\ — 1 


1 — 1 

... 








t-H 

1 

t-H 

1 


1 — 1 
1 




-l -1 




t-H 

1 

t-H 


n — 1 



(45) 



by adding the entries in the first row to the correspondence entries of the other row in \H* | 
we then have 



I HI. I = 



1 1 1 

0 4 + 1 o 

1 

: 1 
1 

0 0 



1 1 

1 : 0 

1 : 

0 4 + 1 0 0 

1 0 4 0 

0 0 n 



n i X n i 
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1 1 l 



0 (h + 1 o 1 



I H*\=n 1 



It is clear that 



1 0 <h + 1 0 

1 0 el-. 



di 0 1 

0 dj + 1 0 1 



I (rai-l)x (m-l) 



| Hii + Irii | — 



1 0 di + 1 0 

1 0 0 



di 0 1 



0 di + 1 0 1 



| Hu Im | — ^ 1 



1 0 di + 1 0 

1 0 di 



(rii — l)x (rii — 1) 



Since the summations of all entries in every column in the last determinant, we have 



1 1 1 



0 di + 1 0 1 



I Hu + Li | — n 2 x 



1 0 di + 1 0 

1 0 di 



i-l)x(ni-l) 



d k 0 1 



0 d k + 1 0 1 



\K k -i\= 1 



1 0 dk + 1 0 

1 0 d k 



l(n fc -l)x(n fc -l) 



Similarly, we have 
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I Hi 



n k -l\ 



11 1 

0 d k + 1 o 1 

1 



1 



1 0 d k + 1 0 

L 1 0 d k 

By substituting (39), (40) and (41) to (38), it becomes 



(rife — l)x (nfc — 1) 



(48) 



or 



= »“- 2 n 



1 <i<k 



1 1 1 

0 di + 1 0 

1 

: 1 



1 



t ( Kf ,)=» 2 *- 2 n 



l<i<k 



Thus, from (11.1) and (42) we have 



1 



0 di + 1 0 

1 0 di 



i-i)x(m-i) 



1 1 1 ■■■ 1 

- 1 di -1 0 

0 0 
: 0 -1 di -1 

0 ■■■ 0 -1 di-1 



(m — l)x(m — l) 



(49) 



t ( At „)=„“- 2 n 



l<i<k 



Tli — 1 QUi — 1 

-Pi 
Oii (3i 



where at = (di + \j d% — 4)/2, /3j = (di — \fd% — 4)/2 and di = n — rii + 3. 
This is just the theorem. 

Corollary 4.2 The total number of spanning trees of a fan graph F n is 



(50) 



□ 



t(F n ) = ^(a™- 1 - T- 1 ) 



where a = (3 + \/5)/2 and /? = (3 — \/5)/2. 



(51) 



Proof Let k = 1, then m = n and Kf- = F n . Substituting this fact into (35), this result 



is followed. 



□ 
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Abstract: A Smarandachely k-signed graph ( Smarandachely k-marked graph ) is an ordered 
pair S = ( G , a) ( S = ( G , p)) where G = ( V , E ) is a graph called underlying graph of S and 
a : E — > (ei, e 2 , efc) (p : V — > (ei, (= 2 , e*,)) is a function, where each e; £ {+,—}. 
Particularly, a Smarandachely 1-signed graph or Smarandachely 1-marked graph is called 
abbreviated a signed graph or a marked graph. Singleton (1968) introduced the concept of 
the antipodal graph of a graph G, denoted by A(G), is the graph on the same vertices as of 
G, two vertices being adjacent if the distance between them is equal to the diameter of G. 
Analogously, one can define the antipodal signed graph A(S) of a signed graph S = (G, a) 
as a signed graph, A(S) = ( A(G),a '), where A(G) is the underlying graph of A(S'), and 
for any edge e = uv in A(S), cr'(e) = p(u)p(v), where for any v £ V, p(v) = B a(uv). 

u£N(v) 

It is shown that for any signed graph S, its A(S) is balanced and we offer a structural 
characterization of antipodal signed graphs. Further, we characterize signed graphs S for 
which S ~ A(S) and S ~ A(S) where ~ denotes switching equivalence and A(S) and S are 
denotes the antipodal signed graph and complementary signed graph of S respectively. 

Key Words: Smarandachely fc-signed graphs, Smarandachely fc-marked graphs, signed 
graphs, marked graphs, balance, switching, antipodal signed graphs, complement, negation. 

AMS(2010): 05C22 

§1. Introduction 

We consider only finite undirected graphs G = (V, E ) without loops and multiple edges and 
follow Harary [4] for notation and terminology. 

A Smarandachely k-signed graph ( Smarandachely k-marked graph) is an ordered pair S = 
(G, a ) (S = ( G,p )) where G = (V,E) is a graph called underlying graph of S and er : E — > 
(ei, e 2 , ...,efc) (p : V — > (ei, £ 2 , •••> e*,)) is a function, where each e* £ {+,—}. Particularly, a 
Smarandachely 1-signed graph or Smarandachely 1-marked graph is called abbreviated a signed 
graph or a marked graph. 

In 1953, Harary published “On the notion of balance of a signed graph”, [5], the first paper 
to introduce signed graphs. In this paper, Harary defined a signed graph as a graph whose edge 
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set has been partitioned into positive and negative edges. He called a cycle positive if it had an 
even number of negative edges, and he called a signed graph balanced if every cycle is positive. 
Then he gave both necessary and sufficient conditions for balance. 

Since then, mathematicians have written numerous papers on the topic of signed graphs. 
Many of these papers demonstrate the connection between signed graphs and different subjects: 
circuit design (Barahona [3], coding theory (Sole and Zaslavsky [20]), physics (Toulouse [22]) 
and social psychology (Abelson and Rosenberg [1]). While these subjects seem unrelated, 
balance plays an important role in each of these fields. 

Four years after Harary’s paper, Abelson and Rosenberg [1], wrote a paper in which they 
discuss algebraic methods to detect balance in a signed graphs. It was one of the first papers 
to propose a measure of imbalance, the “complexity” (which Harary called the “line index of 
balance”). Abelson and Rosenberg introduced an operation that changes a signed graph while 
preserving balance and they proved that this does not change the line index of imbalance. For 
more new notions on signed graphs refer the papers ([7]- [11], [13]- [19]). 

A marking of S' is a function p : V(G) — * {+,—}; A signed graph S together with a 
marking p is denoted by S M . Given a signed graph S one can easily define a marking p of S as 
follows: For any vertex v G V(S), 

V(v) = o(uv), 

uvGE(S) 

the marking p of S is called canonical marking of S. In a signed graph S = (G, a), for any 
A C E(G) the sign a (A) is the product of the signs on the edges of A. 

The following characterization of balanced signed graphs is well known. 

Proposition 1(E. Sampathkumar, [9]) A signed graph S = (G,o) is balanced if, and only if, 
there exists a marking p of its vertices such that each edge uv in S satisfies o(uv) = p(u)p(v). 

Let S = (G, a) be a signed graph. Consider the marking p on vertices of S defined 
as follows: each vertex v € V, p(v) is the product of the signs on the edges incident at v. 
Complement of S' is a signed graph S = (G, o'), where for any edge e = uv € G, o' (uv) = 
p{u)p{v). Clearly, S as defined here is a balanced signed graph due to Proposition 1. 

The idea of switching a signed graph was introduced in [l]in connection with structural 
analysis of social behavior and also its deeper mathematical aspects, significance and connec- 
tions may be found in [24]. 

Switching S with respect to a marking p is the operation of changing the sign of every edge 
of S to its opposite whenever its end vertices are of opposite signs (See also R. Rangarajan and 
P. S. K. Reddy [8]). The signed graph obtained in this way is denoted by S^S) and is called 
p-switched signed graph or just switched signed graph. Two signed graphs Si = (G,o) and 
S 2 = (G', o') are said to be isomorphic , written as Si = S 2 if there exists a graph isomorphism 
/ : G — > G' (that is a Injection / : V(G) — > V(G') such that if uv is an edge in G then 
f(u)f(v) is an edge in G') such that for any edge e € G, cr(e) = o'(f(e)). Further a signed 
graph Si = (G, 0 ) switches to a signed graph S 2 = ( G',o ') (or that Si and S 2 are switching 
equivalent) written Si ~ S 2 , whenever there exists a marking p of Si such that S M (S 1 ) = S 2 . 
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Note that Si ~ S2 implies that G = G' , since the definition of switching does not involve change 
of adjacencies in the underlying graphs of the respective signed graphs. 

Two signed graphs S\ = ( G , cr) and S2 = (G', </) are said to be weakly isomorphic (see 
[21]) or cycle isomorphic (see [23]) if there exists an isomorphism <f> : G — > G' such that the 
sign of every cycle Z in S± equals to the sign of <p(Z) in £ 2 . The following result is well known 
(See [23]). 

Proposition 2(T. Zaslavsky, [23]) Two signed graphs S 1 and S2 with the same underlying 
graph are switching equivalent if, and only if, they are cycle isomorphic. 

§2. Antipodal Signed Graphs 

Singleton [11] has introduced the concept of antipodal graph of a graph G as the graph A(G) 
having the same vertex set as that of G and two vertices are adjacent if they are at a distance 
of diam(G) in G. 

Motivated by the existing definition of complement of a signed graph, we extend the notion 
of antipodal graphs to signed graphs as follows: The antipodal signed graph A(S) of a signed 
graph S = ( G , cr) is a signed graph whose underlying graph is A(G) and sign of any edge uv is 
A(S) is fi(u) p{v) , where p is the canonical marking of S. Further, a signed graph S = ( G , a) is 
called antipodal signed graph, if S = A(S') for some signed graph S'. The following result 
indicates the limitations of the notion A(S) as introduced above, since the entire class of 
unbalanced signed graphs is forbidden to be antipodal signed graphs. 

Proposition 3 For any signed graph S = (G,a), its antipodal signed graph A(S) is balanced. 

Proof Since sign of any edge uv in A(S) is p(u) p{v) , where p is the canonical marking of 
S, by Proposition 1, A(S) is balanced. □ 

For any positive integer k, the k th iterated antipodal signed graph A(S) of S is defined as 
follows: 



A°(S) = S, A k (S) = A(A k ~ 1 (S)) 



Corollary 4 For any signed graph S = ( G,cr ) and any positive integer k, A k (S) is balanced. 
In [2], the authors characterized those graphs that are isomorphic to their antipodal graphs. 

Proposition 5(Aravamudhan and Rajendran, [2]) For a graph G = (V,E), G = A(G) if, and 
only if, G is complete. 

We now characterize the signed graphs that are switching equivalent to their antipodal 
signed graphs. 

Proposition 6 For any signed graph S = (G, cr), S ~ A(S) if, and only if, G = K p and S is 
balanced signed graph. 




110 



P.Siva Kota Reddy, B.Prashanth and Kavita. S.Permi 



Proof Suppose S ~ A(5). This implies, G = A(G ) and hence G is K p . Now, if S is any 
signed graph with underlying graph as K p . Proposition 3 implies that H(S') is balanced and 
hence if S is unbalanced and its A(S) being balanced can not be switching equivalent to S in 
accordance with Proposition 2. Therefore, S must be balanced. 

Conversely, suppose that S' is a balanced signed graph and G is K p . Then, since A(S') is 
balanced as per Proposition 3 and since G = A(G), this follows from Proposition 2 again. □ 

Proposition 7 For any two signed graphs S and S' with the same underlying graph, their 
antipodal signed graphs are switching equivalent. 



Proposition 8(Aravamudhan and Rajendran, [2]) For a graph G = (V,E), G = A{G ) if, and 
only if, i). G is diameter 2 or ii). G is disconnected and the components of G are complete 
graphs. 

In view of the above, we have the following result for signed graphs: 

Proposition 9 For any signed graph S = (G,a), S ~ A(S) if, and only if, G satisfies 
conditions of Proposition 8. 

Proof Suppose that A(S) ~ S. Then clearly we have A(G) = G and hence G satisfies 
conditions of Proposition 8. 

Conversely, suppose that G satisfies conditions of Proposition 8. Then G = A(G) by Propo- 
sition 8. Now, if S' is a signed graph with underlying graph satisfies conditions of Proposition 
8, by definition of complementary signed graph and Proposition 3, S and A(S) are balanced 
and hence, the result follows from Proposition 2. □ 

The notion of negation g (S) of a given signed graph S defined in [6] as follows: r?(S) has 
the same underlying graph as that of S with the sign of each edge opposite to that given to it in 
S. However, this definition does not say anything about what to do with nonadjacent pairs of 
vertices in S while applying the unary operator ??(.) of taking the negation of S. 

Propositions 6 and 9 provides easy solutions to two other signed graph switching equiva- 
lence relations, which are given in the following results. 

Corollary 10 For any signed graph S = (G,c r), S ~ A(r](S)). 

Corollary 11 For any signed graph S = (G,a), S ~ A(rj(S)). 

Problem 12 Characterize signed graphs for which i) r](S) ~ A(S) or ii) r/(S) ~ A(S). 

For a signed graph S = ( G,a ), the A(S) is balanced (Proposition 3). We now examine, 
the conditions under which negation r)(S) of A(S) is balanced. 

Proposition 13 Let S = (G, a) be a signed graph. If A(G) is bipartite then t]{A(S)) is 
balanced. 



Proof Since, by Proposition 3, A(S) is balanced, if each cycle C in H(S') contains even 
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number of negative edges. Also, since A(G) is bipartite, all cycles have even length; thus, the 
number of positive edges on any cycle C in A(S) is also even. Hence r](A(S)) is balanced. □ 

§3. Characterization of Antipodal Signed Graphs 

The following result characterize signed graphs which are antipodal signed graphs. 

Proposition 14 A signed graph S = (G, a) is an antipodal signed graph if, and only if, S is 
balanced signed graph and its underlying graph G is an antipodal graph. 

Proof Suppose that S is balanced and G is a A(G). Then there exists a graph H such 
that A(H) = G. Since S is balanced, by Proposition 1, there exists a marking p of G such 
that each edge uv in S satisfies a(uv) = p(u)p(v). Now consider the signed graph S' = ( H , a'), 
where for any edge e in H , a'(e) is the marking of the corresponding vertex in G. Then clearly, 
A(S") = S. Hence S is an antipodal signed graph. 

Conversely, suppose that S = (G, a) is an antipodal signed graph. Then there exists a 
signed graph S' = ( H,a ') such that A(S') = S. Hence G is the A(G) of H and by Proposition 
3, S' is balanced. □ 
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Abstract: A graph G is called a k-edges deletable IM-extendable graph, if G — F is IM- 
extendable for every F C E(G) with |F| = k. Denoted by A g (G) the group connectivity of 
a graph G. In this paper, A g (G) = 3 is gotten if G is a 4-regular claw-free 1-edge deletable 
IM-extendable graph. 

Key Words: Graph, multi-group connectivity, group connectivity, induced matching. 

AMS (2010): 05C75, 05C45 

§1. Introduction and Lemmas 

In 1950s, Tutte introduced the theory of nowhere-zero flows as a tool to investigate the coloring 
problem of maps, together with his most fascinating conjectures on nowhere-zero flows. These 
have been extended by Jaeger, Linial, Payan and Tarsil in 1992 to group connectivity, the 

~ m 

generalized form of nowhere-zero flows. Let G be an undirected graph and A = ( (J A*; {+», 1 < 

*— 1_ 

i < m}) be an Abelian multi-group. Let A* denote the set of non-zero elements of A. A function 
b : V(G) — > A is called an A-valued zero-sum function of G if ^2 veV (G) b( v ) = 0+.’ 1 < i < m 
in G. The set of all A-valued zero-sum function on G is denoted by Z(G,A). We define: 
F(G, A) = {/ : E{G) — * A} and F*(G,A) = {/ : E(G) — ► A*}. Let G 1 be an orientation of 
a graph G. If an edge e € E(G) is directed from a vertex u to a vertex v, then let tail(e) = u 
and head(e) = v. For a vertex v G V(G), let E~ (v) = {e € E(G 1 ) : v = tail(e)}, and 
E + {v) = {e € E(G 1 ) : v = head(e)}. Given a function / G F(G,A), define df : V{G) — > A 
by df(y) = /( e ) — E /( e )- ^ graph G is A-connected if G has an orientation G 1 

e£E+(v) e£E~(v) 

such that for every function b G Z(G, A), there is a function / G F*(G 1 ,A) such that b = df. 
Let (A) be the family of graphs that are A-connected. The multi-group connectivity of G is 
defined as: A g (G)=min{k j if A is an Abelian group with |A| > k, then G G (A)}. Particularly, 
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if m = 1, i.e., A = ( A , +) an Abelian group, such connectivity is called group connectivity. 

Let v be a vertex of G, denote N(v) by : N(v) = {u € V(G) — v : uv € E(G)}. Let u 
be a vertex of G, denote N 2 (u) = N (N (u))\(N (u) U {«}). Graph G is called claw-free , if it 
doesn’t contain fci i3 as an induced subgraph. Let G^ denote the graph with V(C%) = V(C n ), 
E(C„) = {uv : u,v £ V(C n ) and d Cn (u,v) < k}, where d Cn (u,v) is a distance between u and v 
in C n . Let G be a graph. A triangle-path in G is a sequence of distinct triangles Xf T 2 • •• T m 
in G such that for 1 < * < m — 1, the following formula (*) holds: 

\E(Ti) n E(T i+1 )\ = 1 and E(T i )nE(T j ) = Q if j > i + 1. (*) 

Furthermore, if m > 3 and (*) holds for all *, 1 < i < ?n, with the additionally taken mod 
m, then the sequence is called a triangle- cycle. The number m is the length of the triangle- 
path(triangle-cycle). A connected graph G is triangularly connected if for any distinct e, e\ £ 
E(G), which are not parallel, there is a triangle-path T\T 2 ■ ■ ■ T m such that e £ E(T\) and 
ei £ E(T m ). 

Let G be a connected graph, V(G) and E{G) denote its sets of vertices and edges, 
respectively. For S C V(G), let E(S) = {uv £ E(G),u,v € S}. For M C E{G), let 
V{M) = {u £ V(G): there is v £ V(G) such that uv £ M}. A set of edges M C E{G) 
is called a matching of G if they are independent in G, and no two of them share a common 
end vertex. A matching is called perfect if it covers all vertices of G. A matching M is called 
induced matching if E(V{M)) = M. G is called induced matching extendable if every induced 
matching M of G is contained in a perfect matching of G. For simplicity, induced matching 
extendable will often be abbreviated as IM-extendable. 

Notations undefined in this paper will follow [1], In this paper, we give some properties of 
the 4-regular claw-free 1-edge deletable IM-extendable and prove that its group connectivity is 
3. 

Lemma 1.1. ( [1] ) A graph G has a perfect matching if and only if for every S C V(G), o(G—S) < 
|S|, Where o(H) is the number of odd components of H . 

For group connectivity, some conclusions have reached. For example, complete graphs, 
complete bipartite graphs and triangularly connected graphs etc in [2, 3, 4, 5, 6]. For more results 
about IM-extendable graphs, one can see references [7,8,9,10]. 

A k-circuit is a circuit of k vertices. A wheel Wk is the graph obtained from a fc-circuit 
by adding a new vertex, called the center of the wheel, which is joined to every vertex of the 
fc-circuit. Wk is an odd(even) wheel if fc is odd(even). For a technical reason, a single edge is 
regarded as 1-circuit, and thus ILj is a triangle, called the trivial wheel. 

Lemma 1.2([6]) (1 )W 2 „ £ (Z 3 ). 

(2) Let G = W 2n +i, b £ Z(G , Z 3 ). Then there exists a (Z 3 , b)- NZF / £ F*(G , Z 3 ) if and only 

i/M 0 . 

Lemma 1.3([4]) Let G be a connected graph with n vertices and m edges. Then A S (G)=2 if 
and only if n = 1 ( and so G has m loops). 

Lemma 1 .4( [3] ) Let H < G be Zk-connected. If G/H is Zk-connected, then so is G. 
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§2. Main Results 

Lemma 2.1 Gf is 4-regular claw- free 1-edge deletable connected IM-extendable graph. 

Proof Obviously, Gf is 4 -regular and claw-free. The following we will prove Gf is 1 -edge 
deletable IM-extendable graph. Supposing the vertices of Gf denoted by Vi, 1 < i < 6, along a 
clockwise. Supposing M is an induced matching of an induced graph G[lV(it)]. Since G[iV(it)] 
has four vertices, so \M\ < 2 . If \M\ = 2 , u is an isolated vertex of G — V(M), this conflict 
with that G is 1 -edge deletable IM-extendable graph, thus, \M\ < 1 . Since G(Gf ) = Ei U E 2 
where E\ = E(Cq), E2 = E \ Ei, the following discussions are divided into two cases. 

Case 1 Deleting one edge in E\. Without loss of generality, suppose deleting edge V\V2- 
From the structure of Cf, if M is an induced matching of Gf , then \M\ < 2 . If let M = V2V3 
be an induced matching of G — {vii^}, it extended to a perfect matching {1)21)3, V4V5, v@vi}. 
Otherwise, let M = {V2V4} be an induced matching of G — {V1V2}, it extended to a perfect 
matching {V2V4, 1)31)5, i)6i)i}. 

Case2 Deleting one edge in E 2 . Without loss of generality, let M = {1)21)3} be an induced 
matching of G — {1)11)3}, it extended to a perfect matching {1)21)3, 1)41)5, 1)61)1}. Otherwise, 
let M = {1)3115} be an induced matching of G — {1)11)3} , it extended to a perfect matching 
{v3V5,V2V4,vqVi}. So Gf is a 4 -regular claw-free 1 -edge deletable connected IM-extendable 
graph. □ 

Lemma 2.2 Let G be a 4-regular claw- free 1-edge deletable connected IM-extendable graph, 
then G = C% . 

Proof For a given it G V(G), since G is 4 -regular, let N(u) = {xi, X2, X3, X4}, N 2 {u) = 
N(N(u)) \ (N(u)U{u}), f(u) = \E(N(u))\, g(N(u)) = |iV»|. 

Since G is 4 -regular and claw-free, we have 2 < /(it) < 6. If /(it) = 6, G is isomorphic 
to K$, there is no perfect matching in K$ which is a contradiction with 1 -edge deletable IM- 
extendable graph. If f(u) = 5 , G[iV(u)] is isomorphic to K4 — e. Without loss of generality, let 
e = X2X4 and y\ G N(x 2) \ ({11} U N(u)). Since G is 4 -regular, there exists z G N(yi) \ N(u). 
Let M = {y\z,ux\} be an induced matching of G — {X2X3}. It could not extend to a perfect 
matching of G — {X2X3} which is a contradiction. Next we discuss: 2 < f(u) < 4 . There are 
three cases according to the value of /(it). 

Case 1 /(it) = 2 . 

Let Xi, X2, X3, X4 be neighbor vertices of it, we have three different subcases: Subcase(a) 
xix 2 ,x 2 x 3 G G(G); Subcase(b) xiX2,X3X4 G E(G); Subcase(c) xiX2,xiX3 G E(G). 

For subcases (a), the induced subgraph of G by vertices it, xi, X3, X4 consists of an induced 
subgraph fcp 3 which contradict with the assumption. For subcase (b), M = {xiX2,X3X4} is 
an induced matching of G — {11x2}, however, it could not included in vertex set of any perfect 
matching of G — {itx 2} which contradict with the assumption. For subcase (c), the induced 
subgraph of G by vertices it,X’2,X3,X4 consists of which contradicts with the assumption. 
Therefore /(it) ^ 2 . 
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Case 2 f(u) = 3. 

G[N(u)] is isomorphic to P4 or A'3 U K\ or K 4^, where P n is the path with n vertices. 
IfG[-/V(u)] is isomorphic to P4. Supposing 24x2, X2X3, X3X4 G 25(G ), thenM = {X4X2, X3X4} 
is an induced matching of G — {£22:3}, but it does not extended to a perfect matching of 
G - {2:22:3}. 

If G[.ZV(u)] is isomorphic to £4,3, obviously G consists of fci,3 as its induced subgraph, 
contradiction. 

If G[_/V(u)] is isomorphic to K$ U K\, supposing 2:42:2, 2:22:3, 2:4X3 € 25(G), then 3 < 
g{N{u )) < 6, there are four subcases according to the value of g(N(u)). 

Subcase 1. If g(N(u)) = 3, let N 2 (u) = {2/4, 2/2, 2/3} then 1 / 1 X 4 € 25(G) ( i = 1,2,3). Since 
G is claw-free and 4-regular, then 2/12/2, 2/12/3, 2/22/3 £ 25(G) and each vertex of x t is adjacent 
to only one vertices of yj (where i,j G {1,2,3} are distinct). Without loss of generality, let 
X4, X2, X3 are adjacent to 2/1, 2/2, 2/3 respectively. Let M = {2:42:3, X42/2} be an induced matching 
ofG- {ux 2}. It does not extended to a perfect matching of G— {112:2} which is a contradiction. 

Subcase 2. If g(N(u)) = 4, let y t € N 2 (u),i = 1,2, 3, 4. Since <2(2:4) = 4, there is three of 
2/i (1 < i < 4) adjacent to 2:4, without loss of generality, supposing 2/2X4 G 25(G) (i = 2,3,4). 
Because G is claw-free, one have 2/22/31 2/3 2/4 , 2/22/4 G 25(G). Obviously 2/4 is adjacent to at least 
one vertex of Xi (i= 1,2,3). 

If 1/4 is adjacent to each of x* (i=l,2,3), that is X42/4, X22/4, X31/4 G E{G). If 2/42/4 ^ P(G), 
let M = {X42/4, X42/4} be an induced matching of G — {2:2X3} which could not extended to a 
perfect matching of G— {X2X3}. If 2/42/4 G E(G), let M = {x\yi, X41/3} be an induced matching 
of G — {X2X3} which could not extended to a perfect matching of G — {X2X3}. 

If 1/4 is adjacent to two vertices of x* (*=1,2,3), without loss of generality, let x\yi,X 2 yi G 
E(G) and X31/4 ^ E(G), X3 is adjacent to one of y , (which i G {2,3,4}). If X32/3 ^ E(G), let 
M = {X2X3, X41/3} be an induced matching of G— {2/22/4} which could not extended to a perfect 
matching of G — {2/22/4}- If £31/3 G E(G), let M = {X2X3, X42/4} be an induced matching of 
G — {11x4} which could not extended to a perfect matching of G — {11x4}. 

If 1/4 is adjacent to only one of x, {i— 1,2,3), without loss of generality, let x\y\ G 25(G). 
Supposing X22/2, 3:32/3 G 25(G), let M = {x4X2,X42/3} be an induced matching of G — {24x3} 
which could not extended to a perfect matching of G — {12x3}. 

Subcase 3. If g{N(u)) = 5, let N 2 (u) = {2/1, 2/2, 2/3, 2/4, 2/5} and supposing 2/3^4,2/42:4,2/52:4 G 
E{G). Because G is claw-free, 2/32/4,2/42/5,2/52/3 G 25(G). Since no more than two vertices of x, 
(* = 1, 2, 3) is adjacent to yj ( j = 1,2), without loss of generality, let X42/4, X22/2 G E(G). 

If X3 is adjacent to 2/4 or 2/2, supposing X32/4 G E{G). Let M = {X4X3, X42/3} be an induced 
matching of G — {14x2}. It does not extended to a perfect matching of G — {ux 2} which is a 
contradiction. 

If 2:32/4 ^ 25(G) (*=1,2). Without loss of generality, supposing X32/3 G 25(G). Let M = 
{X4X3 , X42/5} be an induced matching of G — {14x2} which could not extended to a perfect 
matching of G — {ux 2}. 

Subcase 4. If g(N(u)) = 6, without loss of generality, supposing 2/4X4 G 25(G) (i = 4,5,6). 




Group Connectivity of 1-Edge Deletable IM-Extendable Graphs 



117 



Because each vertex of x, (*= 1 , 2 , 3 ) has degree 3 in N(u), each of Xi (i = 1 , 2 , 3 ) is adjacent 
to only one of yj ( j = 1 , 2 , 3 ), without loss of generality, let 2/1// G E ( G ) (i = 1 , 2 , 3 ). Let 
M = {X1X3, 242/4} be an induced matching of G — {UX2} which could not extended to a perfect 
matching of G — {ux 2}. So /(**) ^ 3 . 

Case 3 If f(u) = 4 , G[_/V(i*)] is isomorphic to C4 or K 1,3 + e. 

If G[_/V(i*)] is isomorphic to C4. Since there are only four edges between N(u) and N 2 (u), 
then 1 < g(N(u)) < 4 . 

( 3 . 1 ) If g(N(u)) = 1 . Supposing v G N 2 (u), there exists XiV G E { G ) (* = 1 , 2 , 3 , 4 ), it is 
isomorphic to C|. 

( 3 . 2 ) If g(N(u)) = 2 . Supposing 3/1, 3/2 G N 2 (u). There are two subcases. Subcases 1 , 
there are two vertices adjacent to 3/1 , two vertices adjacent to 3/2 ■ Subcases 2 , there are three 
vertices adjacent to 3/1 , only one vertex adjacent to 3/2 • 

Subcase 1 . Supposing 212/1, 222/1, £32/2, CC4J/2 G E ( G ), there exists z, satisfying y\Z G E { G ). 
Let M = {2324, yiz} be an induced matching of G — {21X2} which could not extended to a 
perfect matching of G — {2122}. 

Subcase 2 . Supposing 241/1,222/1,232/1,242/2 G E ( G ). However, 24,23,21,2/2 induced a A'1,3 
which is a contradiction. 

( 3 . 3 ) If g(N(u)) = 3 . Supposing 3/1, 2/2, 2/3 G N 2 (u). Obviously, only two vertices of 2 * 
(*= 1 , 2 , 3 , 4 ) are adjacent to one of *// (i=l, 2 , 3 ). Without loss of generality, let 2/2//, 242/3 G E ( G ) 
(* = 1 , 2 , 3 ). 22,21,2/2,^3 induced a A'1,3 which is a contradiction. 

( 3 . 4 ) If g(N(u)) = 4 . Supposing 1/1, 2/2, 2/3, 2/4 G N 2 (u). Without loss of generality, let 
2/2// G -E’(G) (* = 1 , 2 , 3 , 4 ). 22,21,2/1,24 induced a Ad,3 subgraph. If G[lV(i*)] is isomorphic to 
G4, it does not extended to a perfect matching. If G[_/V(i*)] is isomorphic to K 1,3 + e, supposing 
2i2’2, 2 i2’3, 2124, 2324 G E ( G ), since there are only 4 edges between N(u) and N 2 ( it), one have 
2 < g(N(u)) < 4 . There are three subcases according to the value of g(N(u)). 

Subcase 1 . If g(N(u)) = 2 . Supposing N 2 (u ) = {*/i,2/2}, then 222/1,222/2 G E ( G ). Because 
G is claw-free, 2/12/2 G E ( G ). If both of 23,24 are adjacent to 2/1, let M = {**2i, 2/12/2} be an 
induced matching of G — {2324} which could not extended to a perfect matching of G — {2324}. 
If 231/1, 242/2 G E ( G ), let M = {i*2i, 2/12/2} be an induced matching of G — {2324} which could 
not extended to a perfect matching of G — {2324}. 

Subcase 2 . If g(N(u)) = 3 , supposing N 2 (u) = {2/1 , 3/2 , 2/3} • Without loss of generality, let 
222/1,222/2 G E ( G ). Because G is claw-free, 2/12/2 G E ( G ). If both of 23,24 are adjacent to 
2/3, let M = {2/12/2,2324} be an induced matching of G — {2423}. However, not all vertices of 
xi, 22, u could be included in a perfect matching vertices of G— {2123} which is a contradiction. 
If 232/3,242/2 G E ( G ), let M = {2123,2/12/2} be an induced matching of G — {2122}. However, 
not all vertices of 22, 24, u could be included in a vertex set of perfect matching of G — {xix’i} 
which is a contradiction. 

Subcase 3 . If g{N{u )) = 4 , Supposing N 2 (u) = {2/1, 2/2, 2 / 3 , 2 / 4 }- Without loss of generality, 
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let X 2 yi,X 2 y 2 , £ 3 y 3 , x±y± £ E(G). Because G is claw-free, t/ij /2 € E(G). Let M = {X 1 X 4 ,, yiy 2 € 
E(G)} be an induced matching of G — {ux 2 } which could not extended to a perfect matching 
of G — {ux 2 }. The lemma 2.2 is proved. □ 

Lemma 2.3 Ifn> 5, then Cf is Z 3 ~connected. 

Proof By the definition of C%, for n > 5, there exists a subgraph of C'f isomorphic to II-'A - ■ 
By lemma 1.2, W- 2 k is i? 3 -connected. Since Cf is triangularly connected, by contracting I'J' 2 /c in 
C'f and Lemma 1.4, we have G'f is Z 3 -connected. □ 

Theorem 2.4 The group connectivity of 4-regular claw- free 1-edge deletable IM-extendable 
graph is 3. 

Proof By applying lemma 2.1 and lemma2.2, 4-regular claw-free 1-edge deletable IM- 
extendable graph is Cf. From Lemma 2.3, the group connectivity of 4-regular claw-free 1-edge 
deletable IM-extendable graph is not more than 3. By lemma 1.3 we conclude the group con- 
nectivity of 4-regular claw-free 1-edge deletable IM-extendable graph is more than 2. Therefore, 
the group connectivity of 4-regular claw- free 1-edge deletable IM-extendable graph is 3. This 
theorem is proved. □ 
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For standard terminology and notion in graph theory we refer the reader to Harary [2]; the 
non-standard will be given in this paper as and when required. We treat only finite simple 
graphs without self loops and isolates. 

The line graph L{G) of a graph G is defined to have as its vertices the edges of G, with two 
being adjacent if the corresponding edges share a vertex in G. Line graphs have a rich history. 
The name line graph was first used by Harary and Norman [3] in 1960. But line graphs were 
the subject of investigation as far back as 1932 in Whitney s paper [7], where he studied edge 
isomorphism and showed that for connected graphs, edge-isomorphism implies isomorphism 
except for and K[ 3. The first characterization (partition into complete subgraphs) was 
given by Krausz [5]. Instead, we refer the interested reader to a somewhat older but still an 
excellent survey on line graphs and line digraphs by Hemminger and Beineke [4]. An excellent 
book by Prisner [6] describes many interesting generalizations of line graphs. In this note we 
generalize the line graph L(G) of G as follows: 

Let G = (V,E) be a graph of order p > 3, k and r be integers with 1 < r < k < p. Let 
U = {Si, S 2 , ■■■, S n } be the set of all distinct connected acyclic subgraphs of G of order k and 
U' = {Ti,T 2 , ...,T m } be the set of all distinct connected subgraphs of G with size k. 

The vertex (k,r) -graph L’( kr s ) (G), where 1 < r < k < p is the graph has the vertex set 
U where two vertices Si and Sj, i ^ j are adjacent if, and only if, 5) (~1 Sj has a connected 
subgraph of order r. 

The edge (k,r) -graph L^ k ^(G), where 0 <r<fc<< 7is the graph has the vertex set U' 
where two vertices T,; and X), i ^ j are adjacent if, and only if, TiCiTj has a connected subgraph 
of size r. 

The Smarandachely ( k,r ) line graph L^ kr ^{G) of a graph G is such a graph with vertex 
set U' and two vertices T) and Tj, i 7^ j are adjacent if and only if, Tj fl Tj has a connected 
subgraph with order or size r. Clearly, L( k ^(G) < Lf fe r )(G) and L e ^ k ^(G) < Lf fe r )(G). In 

1 Rec.eived December 22, 2010. Accepted March 3, 2011. 
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Figure 1, we depicted L(G), L^ k r j(G) and L^ k r ^(G) for the graph G. 




Figure. 1 

One can easily verify that: L 3 {K i j3 ) = K 3 , L 3 {C n ) = C n . for n > 3, L 3 (P n ) = P ra _i and 
L 3 {K 4 ) = L{K 4 -e) = K A . 

For any positive integer k, the k th iterated line graph L(G) of G is defined as follows: 
L°(G) = G, L k (G) = L(L k -\G)). 

A graph G is a (3,2 ) -graph if there exists a graph H such that L( 3i2 ){H) = G. First we 
prove the following result: 

Proposition 1 For any graph G, L( 3 2 ) — L 2 (G). 

Proof First we show that A( 3 , 2 )(G) and L 2 (G) have the same number of vertices. Let S 
be a vertex in T( 3 j 2 )(G). Then S corresponds to a subgraph of order 3 in G. Say, S consists 
of two adjacent edges ab and be. Then corresponding to S we have an edge in L(G) with end 
vertices ab and be , and corresponding this edge, we have a vertex say abc in L 2 (G). Similarly, 
we can show that very vertex in L 2 [G) corresponds to a connected subgraph of order 3. This 
proves that T( 3 )2 )(G) and L 2 {G) have the same number of vertices. Now, let S\ and S 2 be two 
adjacent edges in T( 3l2 )(G). Then S± and S 2 correspond to two connected subgraphs of order 
3 each, having a common edge. These in turn will give two adjacent edges, say e(Si) and e(S 2 ) 
in L(G ) and this will give an edge in L 2 (G) with end vertices e(<Si) and e(S' 2 ). This proves the 
result. □ 

In general one can establish the following result. 

Proposition 2 Let G be a graph of order p and 2 > r < k < p. IfA(G) < 2 then T(fc,fc_i)(G) = 
L k ~\G). 

Note that this is true only when A (G) < 2. For example, we find ^ (Ab, n ) = K n = 

L{K hn ). 

Proposition 3 The star K\ 3 is not a 3-line graph. 



A Note On Line Graphs 



121 



Proof Let A' 1.3 be a 3-line graph. Then there exists a graph G such that L{K\^) = G. 
Since A' 1,3 has four vertices, G should have exactly four connected subgraphs each of order 
three. All connected graphs having exactly four induced subgraphs are as follows: i) C 4 , ii) A' 4 , 
iii) K 4 — e and iv) Pq. None of these graphs have as its 3-line graph. □ 

Clearly, any graph having K\ 3 as an induced subgraph is not a 3-line graph. Hence, we 

have 

Corollary 4 A'i, n , n > 3 is not a 3-line graph. 

It is not true in general that the line graph L(G) of a graph G is a subgraph of L 3 (G). For 
example, L 3 (A'i, 4 ) does not contain K 4 , the line graph of AG ,4 as a subgraph. 

Problem 5 Characterize 3-line graphs. 

A graph G is a self 3-line graph , if it is isomorphic to its 3-line graph. 

Problem 6 Characterize self 3-line graphs. 

Proposition 7 Let L 3 (G) be the 3-line graph of a graph G of order p > 3. The degree of a 
vertex s in L 3 (G) is denoted by degs and is defined as follows: 

Let S be the subgraph of G corresponding to the vertex s in L 3 (G). For an edge x = uv in 
S, let d(x) = (degcu + deg gv) — (deg su + deg sv) , where degcu and degsu are the degrees of u 
in G and S respectively. Then d(s) = d(x). 

x€lS 

Proof Consider an edge uv in S. Suppose y — uz is an edge of G at u which is not in S. 
Then y belongs to a connected subgraph S 1 of cardinality three containing the edge uv which 
is distinct form S. Since S and Si have common edge, ss 1 is an edge in L 3 (G), where Si is the 
vertex in L 3 (G ) corresponding to the subgraph S 1 in G. Similarly, for any edge y\ = vz\ at v 
in G which is not in S, we have an edge SS 2 in L 3 (G). This implies that corresponding to the 
edge x = uv in S, we have ( degcu — degsu ) + ( degcv — degsv) edges in L 3 (G), and hence the 
result follows. □ 
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§1. Introduction 

Unlike other areas in mathematics, graph theory traces its beginning to definite time and place: 
the problem of the seven bridges of Konigsberg, which was solved in 1736 by Leonhard Euler. 
And in 1752 we find Euler’s Theorem for planer graph. However, after this development, little 
was accomplished in this area for almost a century [4]. 

here are many physical systems whose performance depends not only on the characteristics 
of the components but also on the relative locations of the elements. An obvious example is an 
electrical network. One simple way of displaying a structure of a system is to draw a diagram 
consisting of points called vertices and line segments called edges which connect these vertices so 
that such vertices and edges indicate components and relationships between these components. 
Such a diagram is called linear graph. A graph G is a triple consisting of a vertex-set V(G), an 
edge-set E(G) and a relation that associated with each edge two vertices called its endpoints. 

§2. Definitions and Background 

Definition 2.1 An abstract graph G is a diagram consisting of finite non empty set of elements 
called vertices denoted by V(G) together with a set of unordered pairs of these elements called 
edges denoted by E(G). The set of vertices of the graph G is called the vertex-set of G and the 
list of the edges is called the edge-list of G [1,5,9,10]. 

Definition 2.2 An oriented abstract graph is a pair (V,E) where V is finite non empty set 
of vertices and E is a set of ordered pairs of distinct elements of E with the property that if 
(v,w)&E then (w,v)£E where the element (v,w) denote the edge from v to w [4,5]. 



1 Received December 22, 2010. Accepted March 3, 2011. 
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Definition 2.3 An empty graph is a graph with no vertices and no edges [5]. 

Definition 2.4 A null graph is a graph containing no edges [9,10]. 

Definition 2.5 A multiple edges defined as two or more edges joining the same pair of vertices 
[1,8,9,10]. 

Definition 2.6 A loop is an edge joining a vertex to itself [1,8,9,10]. 

Definition 2.7 A simple graph is a graph with no loops or multiple edges [9[. 

Definition 2.8 A multiple graph is a graph with allows multiple edges and loops [1,8,9,10]. 

Definition 2.9 A complete graph is a graph in which every two distinct vertices are joined by 
exactly one edge [5,6,9,10]. 

Definition 2.10 A connected graph is a graph that in one piece, where as one which splits in 
to several pieces is disconnected [9]. 

Definition 2.11 Given a graph G, a graph H is called a subgraph of G if the vertices of H are 
vertices of G and the edges of H are edges of G [5,6,8]. 

Definition 2.12 Let v and w be two vertices of a graph. If v and w are joined by an edges, 

then v and w are said to be adjacent. Also, v and w are said to be incident with e then e is said 

to be incident with v and w [10]. 

Definition 2.13 Let G be a graph without loops, with n-vertices labeled 1, 2, 3, ..., n. The 
adjacency matrix A(G) is the n x n matrix in which the entry in row i and column j is the 
number of edges joining the vertices i and j [10]. 

Definition 2.14 Let G be a graph without loops, with n- vertices labeled 1,2,3,. . . ., n and m 
edges labeled 1,2,3,. . . .,m. The incidence matrix 1(G) is the nxm matrix in which the entry in 
row i and column j is l if vertex i is incident with edge j and 0 otherwise [10]. 

§3. Main Results 

In this article, we will define new types of graphs as follows: 

Definition 3.1 A Smarandache mother-father graph is a graph G in which there are vertices 
u mi u ‘rn->' ' ' i u m> i v m hi G with a partition of V i,i; 2 , ••• , V n ofV(G) such that v l m 

is important than v[, v\ is important than v \ ■ • • , and vt is important than Vj +1 , • ■ ■ , important 
than u l m for VI < i < n, j ^ 1 , we call v l m , u l m , 1 < i < n mother vertices and father vertices. 
Particularly, if n = 1 and there are no father vertices in a graph G, we call such a graph G 
1-mother graph, seeing Figure 1. 
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V m V i 1> 2 V 3 V 4 



Figure 1 

Now we will classify the 1-mother vertex graph with respect to the number of the family 
which contacts with the mother vertex as follows: 

Definition 3.2 A 1-mother vertex graph with n families of vertices is a graph G m which it’s 
vertex-set has the form V {v m ; v\ , v\, • • • ; v\, v$, v§, ■ ■ ■ ; • • • ; u”, vtf , , • • • }, where v\, v\, ■ ■ ■ 

is the i-th family, seeing Figure 2. 



Vm Vi 1>2 v 3 V4 V4 V 3 V 2 Vi V m Vx V 2 V 3 V4 




(c) 3 families (d) n families 



Figure 2 

Definition 3.3 Any edge has v m as a vertex is called a mother edge. 

In Figure 2, there is a one mother edge in (a), two mother edges in (b), three mother edges 
in (c) and n mother edges in (d). 

Note 1) The families of vertices in a 1-mother vertex graph with n families not necessary have 
the same number of vertices , seeing Figure 3. 




v m Vi t)f v\ v\ V m yl v 3 V 2 v\ V m 

1 family 3 families 2 families 



Figure 3 

2) The following graph is not 1-mother vertex graph, seeing Figure 4. 
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Figure 4 

Definition 3.4 An empty 1-mother vertex graph is an 1-mother vertex graph with no vertices 
and no edges. 

Definition 3.5 A simple 1-mother vertex graph is an 1-mother vertex graph with no loops and 
no multiple edges, seeing Figure 3. 

Definition 3.6 A multiple 1-mother vertex graph is an 1-mother vertex graph allows multiple 
edges and loops, seeing Figure 5. 




1 family 




3 families 




2 families 



v\ ^2 



Figure 5 

Definition 3.7 A connected 1-mother vertex graph is 1-mother vertex graph that in one piece 
and the one which splits into several pieces is disconnected, seeing Figure 6. 



vl v\ v\ V m v\ v\ 

(a) A connectedl-motlier vertex graph with 2 families 



r>2 vf v m v\ v\ 

(a) A connectedl-motlier vertex graph with 2 families 

Figure 6 

Note The following graph is not disconnected 1-motlier vertex graph and also is not 1-mother 
vertex graph. 



• • • • • • 

1>3 v\ v\ V m vl 1>2 



Figure 7 
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Definition 3.8 A graph H l m is said to be main supgraph of G^ , where n,i G z + and i<n, 
c V(G n m ) , E(H' m ) C E{G n m ) and v m G V(W m ). 

Proposition 3.1 The main supgraph H l m of is 1-mother vertex graph. 

Definition 3.9 A graph H is a supgraph of G ^ ifV(H) C F(GjjJ , E(H ) C E(G and 
Vm i V(WJ. 

Proposition 3.2 A supgraph H of GJ^ is not 1-mother vertex graph. 

Example 3.1 As shown in Figure 8, Hf, is a main supgraph of G 2 m and H is a supgraph of 



0 0 



vfGl v v 




Figure 8 



Definition 3.10 An oriented 1-mother vertex graph is a pair (V, E) where V is finite non 
empty set of vertices and E is a set of ordered pairs of distinct elements of E with the property 
that if (v,w) G E, then (w,v) ^ E, where the element (v, w) denote the edge from v to w, seeing 
Figure 9. 



v 



2 

3 




Vm 




v{ vl 



G 



2 

m 



Figure 9 



Definition 3.11 Let GJ^ be a 1-mother vertex graph, with n-families of vertices. The adjacency 
matrix A(G ^ ) is the (n+l)x(n+l) matrix in which the entry in row i and column j is matrix 
its elements are the number of edges joining the families i and j. 

Definition 3.12 Let G^ be a 1-mother vertex graph, with n-families. The incidence matrix I( 
G^) is the (n+1) x n matrix in which the entry in row i and column j is matrix its elements is 
l if vertex in family i incident with edge in family j and 0 otherwise. 

Example 3.2 The adjacency matrix and the incidence matrix of a 1-mother vertex graph Gf, 
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as shown in Figure 9 are given by 
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where the symbol Pin the matrix in the row 1 and column 2 of the incidence matrix means 
that there exists a loop at the vertex ujwith the edge e\. 

Theorem A A complete 1-mother vertex graph is not defined. 

Proof Let there exist a complete 1-mother vertex graph. Then this mean that every two 
distinct vertices are joined which is contradict with the definition of the 1-mother vertex graph. 
Hence the complete 1-mother vertex graph is not define. □ 

New we will define the union of any 1-mother vertex graphs as follows: 

Definition 3.13 The union of G s m and GJ^ , denoted G^U GJ^ is the graph with vertex set 
V\ U V 2 and edge set E\ U E 2 ■ 

Proposition 3.3 The union of any 1-mother vertex graphs is 1-mother vertex graph if v m £ ViD 
V 2 . 



Proof Let we have two 1-mother vertex graphs, the union of these graphs has one of two 
types. 

1) If v m GVi n V 2 , i.e. the new graph has one mother vertex, then the new graph is 
1-mother vertex graph, seeing Figure 10. a. 

2) If v m fTV \ fl V 2 , i.e. the new graph has more than one mother vertex, then the new 

graph is not 1-mother vertex graph, seeing Figure 10-b. □ 





union 




Figure 10-a 
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— 0 
Vm v\ 



v\ v\ 



union 



^3 




X) 



V m v{ Ilf 




. QQ 

V m v\ v\ 



H±UG 



2 

m 



Figure 10 -b 



The intersection of 1-mother vertex graphs will be defined as follows: 



Definition 3.14 The intersection of G s m and G v m , denoted G s m fl GJ^ is the graph with vertex 
set Vi D V2 and edge set E\ fl E^. 



Proposition 3.4 The intersection of any number of 1 -mother vertex graphs is 1 -mother vertex 
graph if v m € Vj. fl V2 or V\ fl V2 = <j> and E\ fl E2 ■ 



Proof Let we have n number of 1-mother vertex graphs, the intersection of these graphs 
has one of two types. 

1) If v m € Vi fl V2 ■ ■ ■ fl V n , i.e. the new graph has one mother vertex, then the new graph 
is 1-mother vertex graph, seeing Figure 11-a. 

2) If v m £ V\ fl V2 ■ ■ ■ tiV n = (j), i.e. the new graph is the empty 1-mother vertex graph. 

3) If v m £ V\ fl V2 ■ ■ ■ fl V„ ^ (j>, i.e. the new graph has more than one mother vertex, then 

the new graph is not 1-mother vertex graph, see Figure 11-b. □ 







0 

1 

1 



Figure 11 -a 
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Figure 11-b 

In this section we will define special types of 1-mother vertex graphs. 

Definition 3.15 A spider mother graph S ^ is 1-mother vertex graph has the form as shown 
in Figure 12. 




vl vj v\ 

(a) Spider mother graph with 3 families (b) Spider mother graph with 4 families 



Figure 12 

Note The least number of families which the spider graph has is three. 

Definition 3.16 A tree mother graph Tff is 1-mother vertex graph has the form as shown in 
Figure 13. 




Figure 13 
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Example 3.3 The adjacency matrix of the spider graph as shown in Figure 12-a are given by 

0100100100 
10 10 10 0 10 0 

0101010010 
0010001001 
1 1 0 0 0 1 0 1 0 0 

0010101010 
0001010001 
1100100010 
0010010101 
0001001010 

the existence of the unit matrix in column I and raw j means that the family in the column I 
and the family in the raw j have the relation between the vertices which have the same order. 

Definition 3.17 An orbit mother graph is 1-mother vertex graph is a 1-mother vertex graph 
containing no edges and the elements in the same family have the same distance from the mother 
vertex, seeing Figure 14- 




Figure 14 

§4. Applications 

(1) The solar system is orbit mother graph. 

(2) If we illustrate the nervous system by using the graph we find that the nervous system is 
1-mother vertex graph, seeing Figure 16. 
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Cranial 

(KRAY-no*- uQ 
norvoo go from 
your br am to 
your oyea, 
mouth, eara, 
and other 
pans of 
your head 





Control nerves 
are m your 
brain and 
spinal cord 



C4f 

Port pharr nl 



(pub- RIF-uh-rul) 
nerv on go from 
your spinal cord 
to your arms. 



Autonomic 



(aw- toh- NOPs/V *<) 
nerves go from 
your spmal cord 
to your lungs, 



hands, legs, 
and foot 



heart, stomach. 
intostinoG, bladdor. 
and com organs 



Figure 16 
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